
Tyb`þK�� TyþV�rqm§d�� T§r¶�zþ��� T§Cwhmþ���

PEOPLE’S DEMOCRATIC REPUBLIC OF ALGERIA
¨mlþ`�� �þ�b�� ¤ ¨�Aþ`�� �yl`t�� ­C�E¤

MINISTRY OF HIGHER EDUCATION AND SCIENTIFIC
RESEARCH

1 TnyWns� ©Cwtn� ­w�¯� T`�A�

MENTOURI BROTHERS UNIVERSITY OF CONSTANTINE 1

Tqy�d�� �wl`�� Tyl�

FACULTY OF EXACT SCIENCES
ºA§zyf�� �s�

DEPARTMENT OF PHYSICS

Option : Physics
Specialization : PHYSICS OF MATERIALS

QUANTUM MECHANICS 2

Academic Year 2023/2024



Preface

The Quantum Mechanics II course that I am teaching at the University of Con-stantine 1 is designed for students of 3rd-year bachelor’s (License) in the field ofMaterial Sciences. The course structure has been prepared in accordance with thenational curriculum.This module covers specific topics within quantum mechanics, expanding on theideas presented in the Quantum Mechanics 1 course. In addition to exploringessential cases such as the hydrogen atom and emerging phenomena like spin, themodule imparts essential concepts and mathematical techniques applicable to moreadvanced domains.
Students will be able to:

• Perform calculations using angular-momentum techniques, including theWigner-Eckart theorem.
• Solve simple quantum mechanical problems.
• Use the approximate methods for solving the Schrödinger equation ( the vari-ational method, perturbation theory, WKB approximations)
• Calculate transition rates using time-dependent perturbation theory.

Prerequisite:

• Students must have completed Quantum Mechanics I.

Bilel Hamil, September 2023
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Chapter 1

Angular Momentum and Spin

1.1 Definition

In classical physics, the angular momentum vector is defined with
−→
L =−→r ∧−→p , (1.1)

where −→r represents the position of the particle and −→p denotes the momentum ofthe particle. In Cartesian coordinates, the components of the angular momentumvector read 
Lx = ypz − zpy

Ly = zpx − xpz

Lz = xpy − ypx

(1.2)
The transition to quantum mechanics can be achieved by replacing the classicalvectors "−→r " and "−→p " with their associated operators in the position representation,

−→r →̂ r̂, (1.3)
−→p → p̂ =−ih̄

−→
∇ . (1.4)

Hence, the angular momentum operator reads
L̂ = r̂∧ p̂ =−ih̄r̂∧

−→
∇ . (1.5)
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In Cartesian coordinates, the components of L̂ are
L̂x =

h̄
i

(
ŷ ∂

∂ z − ẑ ∂

∂y

)
L̂y =

h̄
i

(
ẑ ∂

∂x − x̂ ∂

∂ z

)
L̂z =

h̄
i

(
x̂ ∂

∂y − ŷ ∂

∂x

) (1.6)
It is worth noting that the angular momentum cannot be applicable in a one-dimensional space. Another important point is that the square of the angular mo-mentum operator, L̂2 = L̂2

x + L̂2
y + L̂2

z , and the components L̂x, L̂y, L̂z are all Hermitian.By introducing the Heisenberg uncertainty principle
[x̂, p̂x] = ih̄, [ŷ, p̂y] = ih̄, [ẑ, p̂z] = ih̄, (1.7)

the angular momentum commutation relations of the form is derived
[
L̂x, L̂y

]
= ih̄L̂z;

[
L̂y, L̂z

]
= ih̄L̂x;

[
L̂z, L̂x

]
= ih̄L̂y. (1.8)

Please note that these commutation relations constitute the quantum mechanicalconcept of angular momentum, and its definition is broad enough to allow theinclusion of half-integer quantum numbers.
1.2 General Theory

Hereafter, we will consider a general Hermitian angular momentum operator, Ĵ,which is characterized by its components Ĵx, Ĵy, and Ĵz. The three components Ĵx, Ĵy,and Ĵz obeys the following commutation relations
[
Ĵx, Ĵy

]
= ih̄Ĵz;

[
Ĵy, Ĵz

]
= ih̄Ĵx;

[
Ĵz, Ĵx

]
= ih̄Ĵy, (1.9)

with [
Ĵ2, Ĵy

]
=
[
Ĵ2, Ĵz

]
=
[
Ĵ2, Ĵx

]
= 0, (1.10)

where the square of the general Hermitian angular momentum operator is definedas
Ĵ2 = Ĵ2

x + Ĵ2
y + Ĵ2

z . (1.11)
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1.2.1 The eigenstates and eigenvalues of Ĵ2 and ĴzEquations (1.9) and (1.10) can be readily understood from a straightforward physicalinterpretation. It’s possible to determine the simultaneous eigenvalues of Ĵ2 and onespecific component, such as Ĵz. However, it is not possible to precisely determinethe eigenvalues of both Ĵx and Ĵz simultaneously.Let us assume | j,m⟩ as the common eigenstates of the operators Ĵ2 and Ĵz

Ĵ2 | j,m⟩= h̄2
β j | j,m⟩ , (1.12)

Ĵz | j,m⟩= h̄m | j,m⟩ , (1.13)
where j and m are quantum numbers to be determined. For simplification, wesuppose that these eigenstates are orthogonal with each others

〈
j′,m′ | j,m⟩= δ j, j′δm,m′. (1.14)

Now, we define the ladder (or raising and lowering) operators
Ĵ± = Ĵx ± iĴy, (1.15)

to express the other operators in terms of them as
Ĵx =

Ĵ++ Ĵ−
2

; Ĵy =
Ĵ+− Ĵ−

2i
, (1.16)

and hence {
Ĵ2

x =
Ĵ2
++Ĵ2

−+Ĵ+Ĵ−+Ĵ+Ĵ−
4

Ĵ2
y =− Ĵ2

++Ĵ2
−−Ĵ−Ĵ+−Ĵ+Ĵ−

4

. (1.17)
Here, we also have

[
Ĵ+, Ĵ−

]
=

[
Ĵx + iĴy, Ĵx − iĴy

]
=−i

[
Ĵx, Ĵy

]
+ i
[
Ĵy, Ĵx

]
= −2i

[
Ĵx, Ĵy

]
= 2h̄Ĵz, (1.18)

[
Ĵz, Ĵ±

]
=

[
Ĵz, Ĵx

]
± i
[
Ĵz, Ĵy

]
= ih̄Ĵy ± h̄Ĵx

= ±h̄Ĵ±, (1.19)
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in addition to [
Ĵz, Ĵ2

±
]
= Ĵ±

[
Ĵz, Ĵ±

]
+
[
Ĵz, Ĵ±

]
Ĵ± =±2h̄Ĵ2

±. (1.20)
By using equations (1.17) and (1.19), we get

Ĵ+Ĵ− = Ĵ2
x + Ĵ2

y + h̄Ĵz = Ĵ2 − Ĵ2
z + h̄Ĵz,

Ĵ−Ĵ+ = Ĵ2
x + Ĵ2

y − h̄Ĵz = Ĵ2 − Ĵ2
z − h̄Ĵz, (1.21)

and via the equation (1.10) we obviously have
[
Ĵ2, Ĵ±

]
= 0. (1.22)

Proposal 1

• The eigenvalues of Ĵ2 are positive or zero.
• The quantum numbers β j and m satisfy the inequality: β j ≥ m2 ≥ 0.

Demonstration

Since the operator Ĵi (i = x,y,z) is Hermitian, we have
〈
Ĵ2

i
〉
= ⟨ψ| Ĵ2

i |ψ⟩=
∥∥Ĵi |ψ⟩

∥∥2 ≥ 0. (1.23)
Thus

〈
Ĵ2〉 = ⟨ψ| Ĵ2

x |ψ⟩+ ⟨ψ| Ĵ2
y |ψ⟩+ ⟨ψ| Ĵ2

z |ψ⟩ ,

=
∥∥Ĵx |ψ⟩

∥∥2
+
∥∥Ĵy |ψ⟩

∥∥2
+
∥∥Ĵz |ψ⟩

∥∥2 ≥ 0. (1.24)
In particular, for an arbitrary state, | j,m⟩, we have

〈
Ĵ2〉

| j,m⟩ = ⟨ j,m| Ĵ2 | j,m⟩= h̄2
β j ≥ 0. (1.25)
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Additionally, keeping in mind that 〈Ĵ2〉≥ 〈Ĵ2
z
〉
, and employing the relations (1.12)and (1.13), we find〈

Ĵ2〉
| j,m⟩ = ⟨ j,m| Ĵ2 | j,m⟩= h̄2

β j ≥ 0〈
Ĵ2

z
〉
| j,m⟩ = ⟨ j,m| Ĵ2

z | j,m⟩= h̄2m2 ≥ 0

}
=⇒ β j ≥ m2 ≥ 0. (1.26)

Proposal 2

Ĵ± | j,m⟩=C±
j,m | j,m±1⟩

Demonstration

Initially, it’s important to note that Ĵ± does not commute with Ĵz, which implies thatthe kets | j,m⟩ are not the eigenstates of Ĵ±.In order to demonstrate the proposal we utilize the relationship given in equation(1.19). We start with the following equality
Ĵz
(
Ĵ± | j,m⟩

)
=
(
h̄Ĵ±± Ĵ±Ĵz

)
| j,m⟩= h̄(1±m)

(
Ĵ± | j,m⟩

)
, (1.27)

which states that Ĵ± raises or lowers the eigenvalue m by one unit of h̄. It’s importantto mention that (Ĵ± | j,m⟩
) is an eigenstate of Ĵz. On the other hand, Ĵz and Ĵ2commute, therefore, (Ĵ± | j,m⟩
) should also be an eigenstate of Ĵ2,

Ĵ2 (Ĵ± | j,m⟩
)
= Ĵ±Ĵ2 ∣∣ψ j,m

〉
= β j

(
Ĵ± | j,m⟩

)
. (1.28)

Based on equations (1.27) and (1.28), we can deduce that the action of the operator
Ĵ± on | j,m⟩ does not alter the first quantum number j, but it does increase or de-crease the quantum number m by one unit. This means that Ĵ± | j,m⟩ is proportionalto | j,m±1⟩

Ĵ± | j,m⟩=C±
j,m | j,m±1⟩ . (1.29)

Proposal 3• If mmax =+ j, then β j = j ( j+1)

• If mmin = j′, then β j = j′ ( j′−1)
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Demonstration

We remember
Ĵ+ | j,m⟩=C+

j,m | j,m+1⟩ , (1.30)
from the previous proposal. For a maximal value to the quantum number, mmax = j,it yields to

Ĵ+ | j,mmax⟩= 0. (1.31)
Therefore, we can write

∥∥Ĵ+ | j,mmax⟩
∥∥2

= ⟨ j,mmax| Ĵ−Ĵ+ | j,mmax⟩= 0. (1.32)
Then, by using the relation Ĵ−Ĵ+ = Ĵ2 − Ĵ2

z − h̄Ĵz, we get
∥∥Ĵ+ | j,mmax⟩

∥∥2
= ⟨ j,mmax|

(
Ĵ2 − Ĵ2

z − h̄Ĵz
)
| j,mmax⟩ ,

= h̄2 (
β j − j2 − j

)
= 0 ⇒ β j = j ( j+1) . (1.33)

Let us now examine the state | j,mmin = j′⟩ which cannot be lowered further.
Ĵ− | j,mmin⟩= 0. (1.34)

By employing the relation Ĵ+Ĵ− = Ĵ2− Ĵ2
z + h̄Ĵz, and repeating the similar algebra ofequations (1.32) and (1.33), we obtain

β j = j′
(

j′−1
)
. (1.35)

The comparison of equations (1.33) and (1.35) leads to the following relation:
β j = j ( j+1) where − j ≤ m ≤ j. (1.36)

In summary, we conclude that h̄ j ( j+1) and h̄m are the eigenvalues of Ĵ2 and Ĵzoperators that act onto the joint eigenvectors | j,m⟩, respectively:
Ĵ2 | j,m⟩= h̄ j ( j+1) | j,m⟩ , (1.37)

and
Ĵz | j,m⟩= h̄m | j,m⟩ . (1.38)
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Proposal 4The only possible values of j can be non-negative integers, non-negative half-integers or zero.
Demonstration

Let us consider the state | j,− j⟩. If Ĵ+ acts on this state, then we will have toobtain a new state proportional to | j,− j+1⟩. By repeating this procedure againand again (n times), we get
| j,− j⟩ Ĵ+−→ | j,− j+1⟩ Ĵ+−→ | j,− j+2⟩

Ĵ+· · · | j,− j+n⟩︸ ︷︷ ︸≡ | j, j⟩ . (1.39)
Therefore we can write,

− j =− j+n ⇒ j =
n
2
, where n ∈ N. (1.40)

Recalling the range of the natural numbers, we easily conclude that
j ∈ {0,1/2,1,3/2,2, ...} , (1.41)

with
m ∈ {− j,− j+1,− j+2, , ..., j−1, j} . (1.42)

These results represent the fundamental quantization properties of angular mo-mentum. In fact, they are applicable to all momenta including the orbital angularand spin angular momenta, in an arbitrary space in which equation (1.9) is satisfied.
Proposal 5

The action of the operator Ĵ± on | j,m⟩ is
Ĵ± | j,m⟩= h̄

√
j ( j+1)−m(m±1) | j,m±1⟩

Demonstration

Let us recall the second proposal
Ĵ± | j,m⟩=C±

j,m | j,m±1⟩ . (1.43)
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Now, taking the inner product of Eq. (1.43) with its Hermitian conjugate, we get
∥∥Ĵ± | j,m⟩

∥∥2
= ⟨ j,m|

(
C±

j,m

)∗
C±

j,m | j,m⟩=
∣∣∣C±

j,m

∣∣∣2 ,
= ⟨ j,m| Ĵ∓Ĵ± | j,m⟩ ,

= ⟨ j,m|
(
Ĵ2 − Ĵ2

z ∓ h̄Ĵz
)
| j,m⟩ ,

= h̄2 ( j ( j+1)−m(m±1)) . (1.44)
If we consider the arbitrary phase of C±

j,m to be zero, then we obtain
C±

j,m = h̄
√

j ( j+1)−m(m±1). (1.45)
1.2.2 The matrix element of the angular momentum

The states represented as | j,m⟩ are a complete and orthonormal basis for angularmomentum. They satisfy the following completeness and orthonormality relations,respectively:
j

∑
m=− j

| j,m⟩⟨ j,m|= 1, (1.46)
⟨ j,m| j′,m′〉= δ j, j′δm,m′. (1.47)

Here, 1 corresponds to the unit matrix.In equations (1.37) and (1.38), we have already shown that Ĵ2 and Ĵz operatorshave joint eigenstates. Now, by using the orthonormality condition, we constructtheir matrix representations
〈

j′,m′∣∣ Ĵ2 | j,m⟩= h̄ j ( j+1)δ j, j′δm,m′, (1.48)
〈

j′,m′∣∣ Ĵz | j,m⟩= h̄mδ j, j′δm,m′. (1.49)
Hence, the matrices that depict Ĵ2 and Ĵz in the | j,m⟩ eigenbasis are diagonal, withtheir diagonal components being equal to h̄ j ( j+1) and h̄m, respectively.On the other hand, as observed in equation (1.45), the impact of the ladderoperators Ĵ± on an angular momentum state is to create a state with the identicalmagnitude of the angular momentum. However, this new state’s z component is
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augmented or decreased by one unit of h̄

〈
j′,m′∣∣ Ĵ+ | j,m⟩= h̄

√
j ( j+1)−m(m+1)δ j, j′δm+1,m′, (1.50)

〈
j′,m′∣∣ Ĵ− | j,m⟩= h̄

√
j ( j+1)−m(m−1)δ j, j′δm−1,m′. (1.51)

Consequently, the matrix representations of the ladder operator, Ĵ± in the
{| j,m⟩} basis are characterized by the non-diagonal matrices.
Example

Let us consider a particle with angular momentum j = 3/2 to answer the followingquestions
a. What are the possible values of m?
b. What are the matrix representations of Ĵ2, Ĵz, Ĵ+, Ĵ− and Ĵx, Ĵy?
c. Find the energy levels of this particle when its Hamiltonian is given by

H =
ε0

h̄2

(
Ĵ2

x − Ĵ2
y
)
− ε0

h̄
Ĵz.

Solution

a. For j = 3/2, four possible values of m exist: 3/2, 1/2, −1/2, and −3/2.

b. For j = 3/2, we simply can list the states
|3/2,−3/2⟩ , |3/2,−1/2⟩ , |3/2,1/2⟩ , |3/2,3/2⟩ . (1.52)

Following equations (1.48), (1.49), (1.50), and (1.51), we obtain the matrixrepresentations of the operators, respectively as follows:
Ĵ2 =

15h̄2

4


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 , (1.53)



1.2 General Theory 13

Ĵz =
h̄
2


−3 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 3

 , (1.54)

Ĵ+ = h̄


0 0 0 0√
3 0 0 0

0 2 0 0
0 0

√
3 0

 , (1.55)

Ĵ− = h̄


0

√
3 0 0

0 0 2 0
0 0 0

√
3

0 0 0 0

 .

which, when combined with Ĵx =
Ĵ++Ĵ−

2 and Ĵy =
Ĵ+−Ĵ−

2i , lead to
Ĵx =

h̄
2


0

√
3 0 0√

3 0 2 0
0 2 0

√
3

0 0
√

3 0

 ; Ĵ− =
h̄
2


0 −

√
3 0 0√

3 0 −2 0
0 2 0 −

√
3

0 0
√

3 0

 .

c. The Hamiltonian is expressed as:
H =

ε0

2


−3 0 2

√
3 0

0 −1 0 2
√

3
2
√

3 0 1 0
0 0 0 3

 .

The energy eigenvalues:
E1 =−5

2
ε0,E2 =−3

2
ε0,E3 =

3
2

ε0,E4 =
5
2

ε0.
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1.3 Orbital Angular Momentum

1.3.1 Orbital angular momentum operators in spherical coordi-
nates

We will now focus on expressing angular momentum in terms of coordinates. In thispart, we will be operating within the spherical coordinate system. Let us use thenotation "|ℓ,m⟩" to represent the joint eigenstates of the operators L̂2 and L̂z,
L̂2 |ℓ,m⟩= h̄2ℓ(ℓ+1) |ℓ,m⟩ , (1.56)

L̂z |ℓ,m⟩= h̄m |ℓ,m⟩ . (1.57)
We consider the transformation between the Cartesian and spherical coordinates

x = r sinθ cosϕ; y = r sinθ sinϕ; z = r cosθ ,

r =
√

x2 + y2 + z2; θ = cos−1
(z

r

)
; ϕ = tan−1

(y
x

)
. (1.58)

The orthonormal Cartesian basis (−→i ,−→j ,−→k ), is related to its spherical basis(−→e r,−→e θ ,−→e ϕ ) through the following relations:
−→
i =−→e r sinθ cosϕ +−→e θ cosθ cosϕ − sinϕ

−→e ϕ . (1.59)
−→
j =−→e r sinθ sinϕ +−→e θ cosθ sinϕ + cosϕ

−→e ϕ . (1.60)
−→
k =−→e r cosθ −−→e θ sinθ . (1.61)

On the other hand, in spherical coordinates, the gradient operator −→∇ is definedas follows:
−→
∇ f =−→e r

∂ f
∂ r

+
−→e θ

r
∂ f
∂θ

+
−→e ϕ

r sinθ

∂ f
∂ϕ

. (1.62)
Now, substitute the expression for the gradient operator −→

∇ (1.62) into the def-inition of the angular momentum (1.5), and after performing the cross product, wearrive at the expression for the angular momentum operator in spherical coordi-nates:
L̂ =

h̄r
i
−→e r ∧

(
−→e r

∂

∂ r
+

−→e θ

r
∂

∂θ
+

−→e ϕ

r sinθ

∂

∂ϕ

)
, (1.63)
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L̂ =
h̄
i

(
−→e ϕ

∂

∂θ
−

−→e θ

sinθ

∂

∂ϕ

)
. (1.64)

By employing equation (1.64) along with equations (1.59) to (1.61), we expressthe components L̂x, L̂y and L̂z in spherical coordinates as:
L̂x =

−→
i · L̂ =

h̄
i

(−→e r sinθ cosϕ +−→e θ cosθ cosϕ − sinϕ
−→e ϕ

)
·
(
−→e ϕ

∂

∂θ
−

−→e θ

sinθ

∂

∂ϕ

)
,

=
h̄
i

(
−sinϕ

∂

∂θ
− cotθ cosϕ

∂

∂ϕ

)
. (1.65)

L̂y =
−→
j · L̂ =

h̄
i

(−→e r sinθ sinϕ +−→e θ cosθ sinϕ + cosϕ
−→e ϕ

)
·
(
−→e ϕ

∂

∂θ
−

−→e θ

sinθ

∂

∂ϕ

)
,

=
h̄
i

(
cosϕ

∂

∂θ
− cotθ sinϕ

∂

∂ϕ

)
. (1.66)

L̂z =
−→
k · L̂ =

h̄
i
(−→e r cosθ −−→e θ sinθ)

(
−→e ϕ

∂

∂θ
−

−→e θ

sinθ

∂

∂ϕ

)
,

=
h̄
i

∂

∂ϕ
. (1.67)

Using equations (1.65) and (1.66), we rewrite the raising and lowering operators,namely L̂± = L̂x ± iL̂y, in the spherical polar coordinates
L̂+ = h̄eiϕ

(
∂

∂θ
+ icotθ

∂

∂ϕ

)
, (1.68)

L̂+ =−h̄e−iϕ
(

∂

∂θ
− icotθ

∂

∂ϕ

)
. (1.69)

Now, using the definition of the components L̂x, L̂y and L̂z in spherical coordi-nates, we can rewrite L̂2 = L̂2
x + L̂2

y + L̂2
z as

L̂2 =−h̄2
[

1
sinθ

∂

∂θ

(
sinθ

∂

∂θ

)
+

1
sin2

θ

∂ 2

∂ϕ2

]
. (1.70)

The angular momentum operators L̂2 and L̂z are functions of angular coordinates, θand ϕ , their eigenstates depend only on θ and ϕ . Now, we introduce the sphericalharmonics Yℓ,m (θ ,ϕ) = ⟨θ ,ϕ |ℓ,m⟩, and re-express the eigenvalue equations (1.56)
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and (1.57) as follows,
L̂2Yℓ,m (θ ,ϕ) = h̄2ℓ(ℓ+1)Yℓ,m (θ ,ϕ) , (1.71)

L̂zYℓ,m (θ ,ϕ) = h̄mYℓ,m (θ ,ϕ) . (1.72)
1.3.2 The eigenfunctions of L̂z and L̂2

To find the eigenfunctions Yℓ,m (θ ,ϕ), we can employ the definition given in equation(1.70). In such case, we can start with[
1

sinθ

∂

∂θ

(
sinθ

∂

∂θ

)
+

1
sin2

θ

∂ 2

∂ϕ2 + ℓ(ℓ+1)
]
Yℓ,m (θ ,ϕ) = 0. (1.73)

Then, we use the separation of variables method. We consider the solution
Yℓ,m (θ ,ϕ) = Θℓ,m (θ)Φm (ϕ) , (1.74)

and substitute it in equation (1.73). Following several algebra, we obtain
sin2

θ

[
1

Θℓ,m (θ)sinθ

∂

∂θ

(
sinθ

∂

∂θ

)
Θℓ,m (θ)+ ℓ(ℓ+1)

]
=− 1

Φm (ϕ)

∂ 2

∂ϕ2 Φm (ϕ) .(1.75)The left-hand side of this equation is only dependent on the angle θ , while theright-hand side depends only on the angle ϕ . Since varying θ does not influencethe right side, and changing ϕ does not affect the left side, we can consider bothsides as a constant, m2. Then, the equation for ϕ becomes[
∂ 2

∂ϕ2 +m2
]

Φm (ϕ) = 0, (1.76)
and its solution simply reads

Φm (ϕ) = aeimϕ , (1.77)
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with an arbitrary constant a. Since Φm (ϕ) has to be a single-valued function, wemust impose the periodicity condition
Φm (ϕ +2π) = Φm (ϕ) ,

eim(ϕ+2π) = eimϕ ,

ei2πm = 1 ⇒ m = 0,±1,±2, ... (1.78)
Then, by setting a = 1√

2π
, we derive the normalized solution of equation (1.76) inthe form of

Φm (ϕ) =
eimϕ

√
2π

with m = 0,±1,±2, ... (1.79)
It’s evident to note that the function Φm (ϕ) is an eigenfunction of the operator L̂z,possessing the eigenvalue m. Indeed, we observe that

L̂zΦm (ϕ) =
h̄
i

∂

∂ϕ
Φm (ϕ) = h̄mΦm (ϕ) . (1.80)

Now, let us redirect our attention to equation (1.75). By introducing a change ofvariable κ = cosθ , we get[
d

dκ
(
1−κ2) d

dκ
+ ℓ(ℓ+1)− m2

1−κ2

]
Θℓ,m (κ) = 0, (1.81)

which is known as the Legendre differential equation. The solution of the Legendredifferential equation can be represented with the form
Θℓ,m (θ) = cℓ,mPm

ℓ (cosθ) , (1.82)
where cℓ,m is the normalization constant, Pm

ℓ (κ) are the associated Legendre func-tions defined by
Pm
ℓ (κ) =

(
1−κ2) |m|

2 d|m|

dκ|m|Pℓ (κ) , (1.83)
and

Pℓ (κ) =
(−1)ℓ

2ℓℓ!
dℓ

dκℓ

(
1−κ2)ℓ . (1.84)
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are the Legendre polynomials. The normalization constant, cℓ,m, can be establishedthrough the orthonormalization condition
〈
ℓ′,m′∣∣ ℓ,m⟩ =

∫ 2π

0

∫
π

0
dϕ sinθdθ

〈
ℓ′,m′∣∣ θ ,ϕ⟩⟨θ ,ϕ| ℓ,m⟩= δℓ,ℓ′δm,m′,

=
∫ 2π

0

∫
π

0
dϕ sinθdθY∗

ℓ′,m′ (θ ,ϕ)Yℓ,m (θ ,ϕ) ,

=

∣∣cℓ,m∣∣2
2π

∫ 2π

0
dϕ

∫
π

0
dθ sinθ |Pm

ℓ (cosθ)|2 , (1.85)
and by the following integral property,

∫
π

0
dθ sinθPm

ℓ (cosθ)Pm
ℓ′ (cosθ) =

2(ℓ+m)!
(2ℓ+1)(ℓ−m)!

δℓ,ℓ′. (1.86)
After some algebra, we can express the normalization constant in the form of

cℓ,m = (−1)m

√
(2ℓ+1)(ℓ−m)!

2(ℓ+m)!
. (1.87)

By substituting this constant into equation (1.82), we obtain
Θℓ,m (θ) = (−1)m

√
(2ℓ+1)(ℓ−m)!

2(ℓ+m)!
Pm
ℓ (cosθ) . (1.88)

Finally, we can express the joint eigenfunctions of the operators L̂z and L̂2 bysubstituting equations (1.88) and (1.79) into equation (1.74):
Yℓ,m (θ ,ϕ) = (−1)m

√
(2ℓ+1)(ℓ−m)!

4π (ℓ+m)!
Pm
ℓ (cosθ) , (m ≥ 0) . (1.89)

Yℓ,m (θ ,ϕ) = (−1)|m|

√
(2ℓ+1)(ℓ−|m|)!

4π (ℓ+m)!
P

|m|
ℓ (cosθ) , (m < 0) . (1.90)

1.3.3 Some important properties of spherical harmonics

Here, we have to underline some important properties of the spherical harmonics.
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Orthogonality and Normalization〈
ℓ′,m′∣∣ ℓ,m⟩=

∫ 2π

0

∫
π

0
dϕ sinθdθY∗

ℓ′,m′ (θ ,ϕ)Yℓ,m (θ ,ϕ) = δℓ,ℓ′δm,m′. (1.91)
The completeness relation

ℓ

∑
m=−ℓ

⟨θ ,ϕ |ℓ,m⟩⟨ℓ,m
∣∣θ ′,ϕ ′〉 =

ℓ

∑
m=−ℓ

Y∗
ℓ,m (θ ,ϕ)Yℓ,m

(
θ
′,ϕ ′) ,

= δ
(
cosθ − cosθ

′)
δ
(
ϕ −ϕ

′)
=

1
sinθ

δ
(
θ −θ

′)
δ
(
ϕ −ϕ

′) . (1.92)
The complex conjugate [

Yℓ,m (θ ,ϕ)
]∗

= (−1)mYℓ,−m (θ ,ϕ) . (1.93)
The parity operator

Yℓ,m (θ ,ϕ) is an eigenstate of the parity operator P with an eigenvalue (−1)ℓ

PYℓ,m (θ ,ϕ) = Yℓ,m (π −θ ,π +ϕ) = (−1)ℓYℓ,m (θ ,ϕ) . (1.94)
Relation between the spherical harmonics and the Legendre polynomials

Yℓ,0 (θ ,ϕ) =

√
2ℓ+1

4π
Pℓ (cosθ) . (1.95)

First few Spherical Harmonics
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ℓ m Spherical Harmonics
0 0 Y0,0 (θ ,ϕ) =

√
1

4π
,

1 0 Y1,0 (θ ,ϕ) =
√

3
4π

cosθ ,
±1 Y1,±1 (θ ,ϕ) =∓

√
3

8π
sinθe±iϕ ,

2 0 Y2,0 (θ ,ϕ) =
√

5
16π

(
3cos2 θ −1

)
,

±1 Y2,±1 (θ ,ϕ) =∓
√

15
8π

sinθ cosθe±iϕ ,
±2 Y2,±2 (θ ,ϕ) =

√
15

32π
sin2

θe±2iϕ .
Table 1.1: First few Spherical Harmonics.

1.4 Spin

1.4.1 Stern - Gerlach Experiment

In 1921, O. Stern and W. Gerlach conducted a seminal experiment, revealing theexistence of a magnetic moment associated with the electron’s spin, even though theconcept of electron spin was not yet recognized at that time. In their experiment,Stern and Gerlach prepared a beam of silver (Ag) atoms in their ground states andlet them traverse a non-uniform magnetic field and reach a photographic plate, asdepicted in figure 1.1. Essentially, they were planning to observe the deviationsof the beam on the photographic plate when they turned on the magnetic field.According to them, they should observe one spot only because the atoms in thebeam were in their ground state ( ℓ= 0). Moreover, they were expecting to observethree spots when the electrons are excited to the 5p state (ℓ = 1). During theexperiment, they observed that the beam produced a different number of peaks onthe photographic plate, even when the magnetic field was turned off.In 1925, Goudsmit and Uhlenbeck proposed a solution to this puzzle by suggest-ing that electrons should possess an intrinsic angular momentum, called spin. Theconcept of spin, which represents an intrinsic degree of freedom, is unique to quan-tum mechanics and lacks any classical analogs. Therefore, spin cannot be explainedthrough the use of differential operators.
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Figure 1.1: Stern-Gerlach experiment

1.4.2 Spin theory

Although the spin operator represents an intrinsic angular momentum, it follows thecommutation relations similar to the ones derived for the orbital angular momen-tum. In order to distinguish the spin angular momentum from the orbital angularmomentum, we utilize the symbol Ŝ instead of L̂.We consider spin operator components Ŝx, Ŝy, Ŝz, which obey the following com-mutation relationships
[
Ŝx, Ŝy

]
= ih̄Ŝz;

[
Ŝy, Ŝz

]
= ih̄Ŝx;

[
Ŝz, Ŝx

]
= ih̄Ŝy. (1.96)

Then, with these components, we define a squared magnitude operator Ŝ2 as
Ŝ2 = Ŝ2

x + Ŝ2
y + Ŝ2

z , (1.97)
where [Ŝ2, Ŝ j

]
= 0 for j = x,y,z. Moreover, we consider raising and lowering opera-tors, Ŝ±:

Ŝ± = Ŝx ± iŜy. (1.98)
Next, we write the eigenvalues of Ŝ2 as h̄2s(s+1), by replacing the symbol ℓ with
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s. Alike, we consider the eigenvalue of Ŝz as h̄ms. Altogether, they read
Ŝ2 |s,ms⟩= h̄2s(s+1) |s,ms⟩ , (1.99)

Ŝz |s,ms⟩= h̄ms |s,ms⟩ , (1.100)
with

Ŝ± |s,ms⟩= h̄
√

s(s+1)−ms (ms ±1) |s,ms ±1⟩ .

Alike the orbital angular momentum, the allowed values for the quantum number
s are 0, 1/2, 1, 3/2, · · · . Furthermore, the admissible values of the quantum number
ms run between −s to s, as we have proven in Section 1.2
1.4.3 Spin 1/2

Particles like electrons, protons, and neutrons are called fermions. This classifica-tion arises from their intrinsic properties, particularly from the fact that their spinangular momentum is quantized in half-integer values (s = 1/2). For s = 1/2, thereare two values of ms, namely 1/2 and −1/2. Therefore, two eigenstates arise as
• |1/2,1/2⟩, which is called ’spin-up’,
• |1/2,−1/2⟩, which is called ’spin-down’.
For both cases, we can write{

Ŝ2 |1/2,1/2⟩= 3h̄2

4 |1/2,1/2⟩ ; Ŝz |1/2,1/2⟩= h̄
2 |1/2,1/2⟩

Ŝ2 |1/2,−1/2⟩= 3h̄2

4 |1/2,−1/2⟩ ; Ŝz |1/2,−1/2⟩=− h̄
2 |1/2,−1/2⟩

. (1.101)
Moreover, when we act Ŝ± on these basis, we find{

Ŝ+ |1/2,1/2⟩= 0; Ŝ− |1/2,1/2⟩= h̄ |1/2,−1/2⟩
Ŝ+ |1/2,−1/2⟩= h̄ |1/2,1/2⟩ ; Ŝ− |1/2,−1/2⟩= 0

. (1.102)
If we associate the following matrices with the spin basis, we can write

|1/2,1/2⟩=

(
1
0

)
; |1/2,−1/2⟩=

(
0
1

)
. (1.103)
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Also, we can represent the operators Ŝx, Ŝy and Ŝz as a 2 × 2 matrix form as follows:
Ŝx =

h̄
2

σx =
h̄
2

(
0 1
1 0

)
, (1.104)

Ŝy =
h̄
2

σy =
h̄
2

(
0 −i

i 0

)
, (1.105)

Ŝz =
h̄
2

σz =
h̄
2

(
1 0
0 −1

)
. (1.106)

Here, σi are called Pauli matrices.
1.4.4 Properties of the Pauli matrices:

It is worth noting that the Pauli matrices satisfy a Lie algebra
[
σi,σ j

]
= iεi jkσk, (1.107)

and their square is the identity matrix
σ

2
i = 1. (1.108)

Besides, they are traceless
tr σi = 0; tr

(
σiσ j

)
= 2δi j. (1.109)

Furthermore, an interesting characteristic emerges when examining not only thesquare of the Pauli matrices but also the following object
(−→

σ ·−→a
)(−→

σ ·
−→
b
)
=
(−→a ·

−→
b
)
+ i−→σ ·

(−→a ×
−→
b
)
. (1.110)
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1.5 Exercises

Exercise 1

A certain state |φ⟩ is eigenstate of L̂2 and L̂z

L̂2 |φ⟩= h̄2ℓ(ℓ+1) |φ⟩ and L̂z |φ⟩= h̄m |φ⟩ ,

for this state calculate 〈L̂x
〉 and 〈L̂2

x
〉
.

Solution

First, note that 〈L̂x
〉
= 0. Since

L̂x =
1
ih̄

[
L̂z, L̂y

]
,

thus
〈
L̂x
〉

=
1
ih̄

〈
φ
∣∣[L̂z, L̂y

]∣∣φ〉= 1
ih̄

(〈
φ
∣∣L̂zL̂y

∣∣φ〉−〈φ ∣∣L̂yL̂z
∣∣φ〉) ,

=
m
i

(〈
φ
∣∣L̂y
∣∣φ〉−〈φ ∣∣L̂y

∣∣φ〉)= 0.

Considering the symmetry with respect to x, y we have
〈
L̂2

x
〉
=
〈
L̂2

y
〉
=

1
2
(
L̂2 − L̂2

z
)
,

and so
〈
L̂2

x
〉

=
1
2
〈
φ
∣∣(L̂2 − L̂2

z
)∣∣φ〉= 1

2
〈
φ
∣∣L̂2∣∣φ〉− 1

2
〈
φ
∣∣L̂2

z
∣∣φ〉 ,

=
h̄2ℓ(ℓ+1)− h̄2m2

2
.

Exercise 2

The spin function for a free electron in basis Ŝz is diagonal can be written as ( 1
0

)

and ( 0
1

) with eigenvalues of Ŝz being h̄/2 and −h̄/2. Using this basis find a
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normalized eigenfunction of Ŝy with eigenvalue h̄/2.

Solution

In the diagonal representation of Ŝz and Ŝ2we can represent Ŝy by
Ŝy =

h̄
2
.

(
0 −i

i 0

)
.

Let the required eigenfunction of Ŝy be υ =

(
α

β

)
. Then

Ŝy

(
α

β

)
= h̄/2

(
α

β

)
,

h̄
2
.

(
0 −i

i 0

)(
α

β

)
= h̄/2

(
α

β

)
.

So, we have α =−iβ and υ =

(
α

iα

)
.Normalization

υ
+

υ =
(

α −iα
)(

α

iα

)
= 2α

2 = 1,

gives α = 1√
2
. Hence

υ =
1√
2

(
1
i

)
.

Exercise 3

Use the following definitions of the angular momentum
L̂= r̂× p̂,
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L̂x =
h̄
i

(
ŷ

∂

∂ z
− ẑ

∂

∂y

)
,

L̂y =
h̄
i

(
ẑ

∂

∂x
− x̂

∂

∂ z

)
,

L̂z =
h̄
i

(
x̂

∂

∂y
− ŷ

∂

∂x

)
,

and the relationships:
[x̂, p̂x] = ih̄; [ŷ, p̂y] = ih̄; [ẑ, p̂z] = ih̄,

to demonstrate the following operator identities
[
L̂x, L̂y

]
= ih̄L̂z;

[
L̂y, L̂z

]
= ih̄L̂x;

[
L̂z, L̂x

]
= ih̄L̂y.[

L̂x, L̂2]= 0;
[
L̂y, L̂2]= 0;

[
L̂z, L̂2]= 0.

Solution

Let us recall that the components of the vector cross-product can be expressed as
L̂i = (r̂× p̂)i = εikl x̂k p̂l

So, we can calculate the commutator [L̂i, L̂ j
] in the following manner:

[
L̂i, L̂ j

]
=

[
(r̂× p̂)i ,(r̂× p̂) j

]
=
[
εikl x̂k p̂l,ε jrsx̂r p̂s

]
= εiklε jrs [x̂k p̂l, x̂r p̂s] ,

= εiklε jrsx̂k [p̂l, x̂r p̂s]+ εiklε jrs [x̂k, x̂r p̂s] p̂l,

= εiklε jrsx̂k [p̂l, x̂r] p̂s + εiklε jrsx̂r [x̂k, p̂s] p̂l,

= −ih̄εiklε jrsx̂k p̂sδl,r + ih̄εiklε jrsx̂r p̂lδk,s,

= ih̄εiklεl jsx̂k p̂s − ih̄ε jrkεkil x̂r p̂l,

Using the identity
εi jkεkrs = δirδ js −δisδ jr,
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one obtains
[
L̂i, L̂ j

]
= ih̄

(
δi jδks −δisδ jk

)
x̂k p̂s − ih̄

(
δ jiδrl −δ jlδri

)
x̂r p̂l,

= ih̄
(
x̂i p̂ j − x̂ j p̂i

)
.

But it is easy to see that
εi jkL̂k = εi jk (r̂× p̂)k = εi jkεkrsx̂r p̂s =

(
δirδ js −δisδ jr

)
x̂r p̂s,

= x̂i p̂ j − x̂ j p̂i,

and hence we have the fundamental angular momentum commutation relation
[
L̂i, L̂ j

]
= ih̄εi jkL̂k,

written out this says that
[
L̂x, L̂y

]
= ih̄L̂z;

[
L̂y, L̂z

]
= ih̄L̂x;

[
L̂z, L̂x

]
= ih̄L̂y.

Now the square of the orbital angular momentum operator is L̂2 = L̂ · L̂ =L̂i · L̂i, andtherefore
[
L̂2, L̂ j

]
=

[
L̂iL̂i, L̂ j

]
= L̂i

[
L̂i, L̂ j

]
+
[
L̂i, L̂ j

]
L̂i,

= ih̄εi jkL̂iL̂k + ih̄εi jkL̂kL̂i.

But
εi jkL̂kL̂i = εki jL̂kL̂i =−εk jiL̂kL̂i.This leaves us with the important relation

[
L̂2, L̂ j

]
= 0.

Exercise 4

Determine the eigenvalues and eigenvectors of the spin operato Ŝ for an electronoriented along a unit vector n ; assume that n; lies in the xz plane. Calculate theprobability of measuring Ŝz =−h̄/2
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Solution

In the xz plane, the vector n is defined as
n = sinθ

−→
i + cosθ

−→
k ,

where 0 ≤ θ ≤ π . Thus we can write
Ŝ ·n =Ŝx sinθ + Ŝz cosθ

Using the spin matrices, we can write Ŝ ·n in the following matrix form:
Ŝ ·n =

h̄
2

(
0 1
1 0

)
sinθ +

h̄
2

(
1 0
0 −1

)
cosθ =

h̄
2

(
cosθ sinθ

sinθ −cosθ

)

The eigenvalues:
det
[
Ŝ ·n−λ

]
=

∣∣∣∣∣ h̄
2 cosθ−λ

h̄
2 sinθ

h̄
2 sinθ − h̄

2 cosθ−λ

∣∣∣∣∣= λ
2 − h̄2

4
= 0,

which in turn leads as expected to the eigenvalues λ =±h̄/2.The eigenvector:
• Case λ+ =+h̄/2 :

h̄
2

(
cosθ sinθ

sinθ −cosθ

)(
α

β

)
=

h̄
2

(
α

β

)
This matrix equation can be reduced to a single equation{

α (1− cosθ) = β sinθ

β (1+ cosθ) = α sinθ
⇒ β cos

θ

2
= α sin

θ

2
⇒ β = α tan

θ

2

normalization condition:
α
∗
α

(
1 tan θ

2

)( 1
tan θ

2

)
= 1 ⇒ |α|2

(
1+ tan2 θ

2

)
= 1,

α = cos
θ

2
and β = sin

θ

2
.
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Hence the eigenvector corresponding to λ+ = h̄
2 is

|λ+⟩ =

(
cos θ

2

sin θ

2

)
= cos

θ

2

(
1
0

)
+ sin

θ

2

(
0
1

)
,

= cos
θ

2
|+⟩+ sin

θ

2
|−⟩ .

• Case λ− =−h̄/2 :

The eigenvector corresponding to λ− = h̄
2 can be obtained from

h̄
2

(
cosθ sinθ

sinθ −cosθ

)(
α ′

β ′

)
=− h̄

2

(
α ′

β ′

)
,

which leads to
α
′ cos

θ

2
= β

′ sin
θ

2
,

normalization condition:
α
′∗

α
′
(

1 cot θ

2

)( 1
cot θ

2

)
= 1 ⇒

∣∣α ′∣∣2(1+ cot2
θ

2

)
= 1,

α
′ = sin

θ

2
and β

′ = cos
θ

2
.

Hence the eigenvector corresponding to λ− =− h̄
2 is

|λ−⟩ =

(
sin θ

2

cos θ

2

)
= sin

θ

2

(
1
0

)
+ cos

θ

2

(
0
1

)
,

= sin
θ

2
|+⟩+ cos

θ

2
|−⟩ .

the probability of measuring Ŝz =−h̄/2 is given by
P−h̄/2 = |⟨− |λ−⟩|2 = cos2 θ

2
.
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Exercise 5

Consider the following matrix representation of the x-and y-components of the an-gular momentum operator
L̂x =

h̄√
2

 0 1 0
1 0 1
0 1 0

 ; L̂y =
h̄√
2

 0 −i 0
i 0 −i

0 i 0


1. Compute L̂z using the angular momentum operators’ algebraic properties.
2. What is the corresponding value of ℓ, the angular momentum quantum number?
3. Calculate 〈L̂x

〉
,
〈
L̂2

x
〉 and ∆L̂x belonging to the eigenvalue +h̄

Solution

Using the relation L̂z =
1
ih̄

[
L̂x, L̂y

]
= 1

ih̄

(
L̂xL̂y − L̂yL̂x

), we have

L̂xL̂y =
h̄2

2

 0 1 0
1 0 1
0 1 0


 0 −i 0

i 0 −i

0 i 0

=
h̄2

2

 i 0 −i

0 0 0
i 0 −i

 ,

L̂yL̂x =
h̄2

2

 0 −i 0
i 0 −i

0 i 0


 0 1 0

1 0 1
0 1 0

=
h̄2

2

 −i 0 −i

0 0 0
i 0 i

 ,

L̂z =
1
ih̄

(
L̂xL̂y − L̂yL̂x

)
= h̄

 1 0 0
0 0 0
0 0 −1

 .

The diagonalization of this matrix yields the following eigenvalues: −h̄,0,+h̄⇒ ℓ= 1The eigenvectors of L̂z :
L̂z |1,m⟩= h̄m |1,m⟩

• Case m =+1 :
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L̂z |1,1⟩= h̄

 1 0 0
0 0 0
0 0 −1


 α

β

γ

= h̄

 α

β

γ

⇒ β = γ = 0.

normalization condition:
⟨1,1 |1,1⟩= |α|2 = 1.

So, the eigenvector of L̂z belonging to the eigenvalue +h̄ is
|1,1⟩=

 1
0
0

 .

Proceeding in the same way, we can easily obtain the eigenvector for m = 0 and
m =−1:

|1,0⟩=

 0
1
0

 ; |1,−1⟩=

 0
0
1

 .

The mean value of L̂x in the state |1,1⟩

〈
1,1
∣∣L̂x
∣∣1,1〉= h̄√

2

(
1 0 0

) 0 1 0
1 0 1
0 1 0


 0

0
1

= 0.

The mean value of L̂2
x in the state |1,1⟩

〈
1,1
∣∣L̂2

x
∣∣1,1〉= h̄2

2

(
1 0 0

) 1 0 1
0 2 0
1 0 1


 0

0
1

=
h̄2

2
.

Finally,
∆L̂x =

√〈[
L̂x −

〈
L̂x
〉]2〉

=
h̄√
2
.



Chapter 2

Addition of angular momenta

2.1 Addition of two angular momenta

2.1.1 Total angular momentum operator

Let us consider two angular momenta, represented by operators Ĵ1 and Ĵ2, actingin two spaces E(1) and E(2), respectively. Here, E(i) is a vector space of dimension
d = (2 ji +1) spanned by the vectors | ji ;mi ⟩ (i = 1,2). In the space associated witha given particle, each angular momentum operator follows the usual commutationrelationships

[
Ĵ1i; Ĵ1 j

]
= ih̄εi jkĴ1k , and [

Ĵ2i; Ĵ2 j

]
= ih̄εi jkĴ2k . (2.1)

Since the operators belong to different spaces, their components commute:
[
Ĵ1i; Ĵ2 j

]
= 0 (∀ i, j) . (2.2)

Now, let us examine the system considered by the combination of the two particles.We can describe this combined system’s state space with the tensor product of E(1)and E(2) ,
E= E(1)⊗E(2) , (2.3)

which means that the basis of the global system can be constructed by the combi-nation of the tensor product of the selected bases from the E(1) and E(2) spaces:
| j1;m1⟩⊗ | j2;m2⟩= | j1; j2;m1;m2⟩ . (2.4)
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For the two-particle system, which has two subspaces, we have
Ĵ2

1 | j1; j2;m1;m2⟩ = h̄2 j1 ( j1 +1) | j1; j2;m1;m2⟩ , (2.5)
Ĵ1z | j1; j2;m1;m2⟩ = h̄m1 | j1; j2;m1;m2⟩ , (2.6)
Ĵ2

2 | j1; j2;m1;m2⟩ = h̄2 j2 ( j2 +1) | j1; j2;m1;m2⟩ , (2.7)
Ĵ2z | j1; j2;m1;m2⟩ = h̄m2 | j1; j2;m1;m2⟩ . (2.8)

The action of the ladder operators Ĵi± = Ĵix ± iĴiy on the eigenstate | j1; j2;m1;m2⟩reads
Ĵ1± | j1; j2;m1;m2⟩ = h̄

√
j1 ( j1 +1)−m1 (m1 ±1) | j1; j2;m1 ±1;m2⟩ , (2.9)

Ĵ2± | j1; j2;m1;m2⟩ = h̄
√

j2 ( j2 +1)−m2 (m2 ±1) | j1; j2;m1;m2 ±1⟩ . (2.10)
It is worth to note that the product vectors | j1, j2,m1,m2⟩ form a complete andorthonormal basis

+ j1
∑

m1=− j1

+ j2
∑

m2=− j2
| j1, j2,m1,m2⟩⟨ j1, j2,m1,m2|= 1

⟨ j1, j2,m′
1,m

′
2 | j1, j2,m1,m2⟩= δm′

1,m1
δm′

2,m2

. (2.11)
Now, let us examine on the total angular momentum of the system, Ĵ, which isdefined by

Ĵ = Ĵ1 + Ĵ2, (2.12)
Ĵz = Ĵ1z + Ĵ2z, (2.13)

The square of the total angular momentum operator, Ĵ2, commutes with Ĵ2
i :

[
Ĵ2, Ĵ2

1
]
=
[
Ĵ2, Ĵ2

2
]
= 0. (2.14)

In addition Ĵz = Ĵ1z + Ĵ2z commutes with Ĵ2

[
Ĵ2, Ĵz

]
= 0. (2.15)

Therefore, the four operators Ĵ2, Ĵ2
1, Ĵ2

2 and Ĵz can be diagonalized simultaneously bythe same states. Let us show the global (joint) eigenstate by |J,M, j1, j2⟩ ≡ |J,M⟩ .
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Then, we can express
Ĵ2 |J,M⟩ = h̄2J (J+1) |J,M⟩ , (2.16)
Ĵz |J,M⟩ = h̄M |J,M⟩ , (2.17)
Ĵ2

1 |J,M⟩ = h̄2 j1 ( j1 +1) |J,M⟩ , (2.18)
Ĵ2

2 |J,M⟩ = h̄2 j2 ( j2 +1) |J,M⟩ . (2.19)
Here, the set of global eigenvectors |J,M⟩ also form a complete and orthonormalbasis:  ∑

J

J
∑

M=−J
|J,M⟩⟨J,M|= 1,

⟨J′,M′ |J,M⟩= δM′,MδJ′,J.

(2.20)
Decoupled representation

A vector | j1; j2;m1;m2⟩= | j1;m1⟩⊗| j2;m2⟩ is a simultaneous eigenstate of the observ-ables Ĵ2
1; Ĵ2

2; Ĵ1z and Ĵ2z with the respective eigenvalues h̄2 j1 ( j1 +1) ; h̄2 j2 ( j2 +1) ;
h̄m1 and h̄m2. The basis {| j1; j2;m1;m2⟩} is particularly suited for analyzing the in-dividual angular momenta, Ĵ1 and Ĵ2, of the two subsystems. This basis is calledthe decoupled basis.
Coupled representation

A vector |J,M⟩ is a simultaneous eigenstate of the observables Ĵ2; Ĵ2
1; Ĵ2

2 and Ĵzwith the respective eigenvalues h̄J (J+1) ; h̄2 j1 ( j1 +1) ; h̄2 j2 ( j2 +1) and h̄M. Thebasis {|J,M⟩} is particularly suited for analyzing the total angular momenta. Thisbasis is called the coupled basis.
2.1.2 Eigenvalues of Ĵz

Theorem 1 The eigenvalues of the Ĵz operator h̄M, where M = m1 +m2, satisfy the
following condition:

−( j1 + j2)≤ M ≤ ( j1 + j2) . (2.21)
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Proof:

First, we act Ĵz = Ĵ1z + Ĵ2z , operators on the vectors | j1, j2,m1,m2⟩ to obtain theeigenvalues of Ĵz. We get
Ĵz | j1, j2,m1,m2⟩ =

(
Ĵ1z + Ĵ2z

)
| j1;m1⟩⊗ | j2;m2⟩ ,

= Ĵ1z | j1;m1⟩⊗ | j2;m2⟩+ | j1;m1⟩⊗ Ĵ2z | j2;m2⟩ ,

= h̄m1 | j1;m1⟩⊗ | j2;m2⟩+ | j1;m1⟩⊗ (h̄m2 | j2;m2⟩) ,

= h̄(m1 +m2) | j1, j2,m1,m2⟩ . (2.22)
Thus, M = m1+m2. Then, we consider the maximum and minimum values of m1 and
m2, respectively:

m1max = j1 and m2max = j2 ⇒ Mmax = j1 + j2. (2.23)
m1min =− j1 and m2min =− j2 ⇒ Mmin =−( j1 + j2) . (2.24)

Therefore, M can take values only in between the following range
−( j1 + j2)≤ M = m1 +m2 ≤ ( j1 + j2) . (2.25)

Now, let us study the degree of degeneracy.
• The eigenvalue h̄M = h̄( j1 + j2) is non-degenerate since there is only onepossibility to achieve the value M = j1+ j2, that is: m1 = j1 and m2 = j2. Thus,

g(M = j1 + j2) = 1.

• The eigenvalue h̄M = −h̄( j1 + j2), is also non-degenerate, since there existsonly a single way to attain the given value M =−( j1 + j2), that is: m1 =− j1and m2 =− j2. Thus, g(M =−( j1 + j2)) = g(M = j1 + j2) = 1.

• The eigenvalue h̄M = h̄( j1 + j2 −1) is doubly degenerate, as there are twopossibilities to achieve the value of M = j1 + j2 − 1, that is: m1 = j1 − 1 and
m2 = j2, or m1 = j1 and m2 = j2 −1. Therefore, g(M = j1 + j2 −1) = 2.

• The eigenvalue h̄M = h̄(− j1 − j2 +1) is also doubly degenerate since it canbe constructed either by m1 =− j1+1 and m2 =− j2 or m1 =− j1 and m2 =− j2
+1. Thus, g(M = (− j1 − j2 +1)) = g(M = ( j1 + j2 −1)) = 2.
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In general, one can use the "rectangle method" to determine the quantum num-bers and the degeneracy. The rectangle method consists of the following rules:
- On a coordinate system m1 is plotted on the x-axis while m2 is plotted on the

y-axis. Each vector is represented by a point with coordinates (m1,m2).
- All points will be inside or on the sides of a rectangle whose four corners havecoordinates:

( j1, j2) ; (− j1, j2) ; ( j1,− j2) ; (,− j1,− j2) . (2.26)
- All points located on the same parallel to the second bisector represent the samevalue of M, and thus, the same eigenvalue. Therefore, their quantity is equalto the degeneracy of that eigenvalue.

Figure 2.1: The rectangular method for the combined system of j1 = 2, j2 = 1. The points
corresponding to a specific M = m1 +m2 are situated on a straight line of slope. (for more
details see: [5] Cohen-Tannoudji: Quantum mechanics.)
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2.1.3 Eigenvalues of Ĵ2

Theorem 2 Let us assume a system constituted of two particles with angular mo-
menta Ĵ1 and Ĵ2. The only possible values of the total angular momentum, J, can
be in the range of

| j1 − j2| ≤ J ≤ ( j1 + j2) . (2.27)
Proof:

Let us set m1 and m2 to their maximum values j1 and j2. Then, we can write themaximum value of J, which is
Jmax = j1 + j2. (2.28)

To determine the minimum value for Jmax, we must utilize the information that thereare a total of (2 j1 +1)(2 j2 +1) eigenkets |J,M⟩. For each value of J, there are atotal of 2J+1 eigenstates |J,M⟩, so we have
(2 j1 +1)(2 j2 +1) =

Jmax

∑
J=Jmin

(2J+1) . (2.29)
This sum can be written as

Jmax

∑
J=Jmin

(2J+1) = (2Jmin +1)+(2Jmin +3)+(2Jmin +5)+ ...+(2Jmax +1) ,

= (2Jmin +1)+(2Jmin +3)+(2Jmin +5)+ ...+(2( j1 + j2)+1) , (2.30)
or

Jmax

∑
J=Jmin

(2J+1) = (2( j1 + j2)+1)+(2( j1 + j2)−1)+(2( j1 + j2)−3)+ ...+(2Jmin +1) .

(2.31)By summing up equations (2.30) and (2.31) term by term, we get
Jmax

∑
J=Jmin

(2J+1) = [( j1 + j2 +1)+ Jmin] [( j1 + j2 +1)− Jmin] . (2.32)
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By setting this expression equal to the left-hand side of the equation (2.29). Weobtain
( j1 + j2 +1)2 − J2

min = (2 j1 +1)(2 j2 +1)

J2
min = ( j1 − j2)

2 . (2.33)
Therefore, the allowed values of J lie within the range:

| j1 − j2| ≤ J ≤ j1 + j2. (2.34)
2.1.4 Addition of the spin angular momentum of two electrons with

S = 1/2

Let E(1) and E(2) represent the two-dimensional state spaces of particles 1 and 2,respectively. In this case, the state space of the two-particles system becomes E isfour-dimensional complex vector space, as defined with E= E(1)⊗E(2).
Decoupled representation |m1,m2⟩The vectors {|1/2,1/2⟩ ≡ |+⟩ , |1/2,−1/2⟩ ≡ |−⟩} constitute a basis for the two-dimensional state space of each individual particle. The two-particle system’s statespace is spanned by the products of these states:

|+⟩1 ⊗|+⟩2 ≡ |+,+⟩ , |+⟩1 ⊗|−⟩2 ≡ |+,−⟩ ,

|−⟩1 ⊗|+⟩2 ≡ |−,+⟩ , |−⟩1 ⊗|−⟩2 ≡ |−,−⟩ . (2.35)
By using the relations given in equations (2.5), (2.6), (2.7) and (2.8), we calculatethe matrix of Ŝ1z , Ŝ2z , Ŝ2

1 and Ŝ2
2 in the {|+,+⟩ , |+,−⟩ , |−,+⟩ , |−,−⟩} basis. We find

⟨m′
1,m

′
2| Ŝ1z |m1,m2⟩= h̄m1δm1,m′

1
δm2,m′

2

⟨m′
1,m

′
2| Ŝ2z |m1,m2⟩= h̄m2δm1,m′

1
δm2,m′

2

⟨m′
1,m

′
2| Ŝ2

1 |m1,m2⟩= ⟨m′
1,m

′
2| Ŝ2

2 |m1,m2⟩= 3h̄2

4 δm1,m′
1
δm2,m′

2

, (2.36)
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In the matrix form, we can express Ŝ1z and Ŝ2z

Ŝ1z =


h̄
2 0 0 0
0 h̄

2 0 0
0 0 − h̄

2 0
0 0 0 − h̄

2

 ; Ŝ2z =


h̄
2 0 0 0
0 − h̄

2 0 0
0 0 h̄

2 0
0 0 0 − h̄

2

 , (2.37)
with Ŝ2

1 and Ŝ2
2 in the form of

Ŝ2
1 = Ŝ2

2 =


3h̄
4 0 0 0
0 3h̄

4 0 0
0 0 3h̄

4 0
0 0 0 3h̄

4

 . (2.38)
Coupled representation |S,M⟩

Now, we intend to form the system’s total spin with the help of
Ŝ = Ŝ1+Ŝ2, (2.39)

Ŝz = Ŝ1z + Ŝ2z. (2.40)
We recall the allowed values of the total spin angular momentum of two electrons

|s1 − s2| ≤ S ≤ s1 + s2,

⇒ 0 ≤ S ≤ 1. (2.41)
For a given S, the possible values ok M are as follows:{

S = 1; M = 0,±1,
S = 0; M = 0.

(2.42)
The possible eigenstates in the |S,M⟩ basis are

triplet state
|1,1⟩ ; |1,0⟩ ; |1,−1⟩︸ ︷︷ ︸; singlet state

|0,0⟩︸︷︷︸ . (2.43)
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The matrix of Ŝ2 and Ŝz can be given via
〈
S′,M′∣∣ Ŝ2 |S,M⟩= h̄2S (S+1)δS,S′δM,M′, (2.44)

Ŝ2 = h̄2


2 0 0 0
0 2 0 0
0 0 2 0
0 0 0 0

 , (2.45)
and 〈

S′,M′∣∣ Ŝz |S,M⟩= h̄MδS,S′δM,M′, (2.46)
Ŝz = h̄


1 0 0 0
0 0 0 0
0 0 −1 0
0 0 0 0

 . (2.47)
For the two spin-up particles, each with eigenstate |+⟩

S =
1
2
+

1
2
= 1, (2.48)

hass the maximum value of total angular momentum. The maximum value of thetotal magnetic moment for the system is
Mmax = S = 1. (2.49)

For two spin up particles, there is only one possibility, so, one eigenstate in the
|S,M⟩ basis is |1,1⟩. This corresponds to |+,+⟩ in the |m1,m2⟩ basis

|1,1⟩= |+,+⟩ . (2.50)
Then, we employ the operator Ŝ− on the state |1,1⟩,

Ŝ− |1,1⟩= h̄
√

2 |1,0⟩ ⇒ |1,0⟩= Ŝ−
h̄
√

2
|1,1⟩= Ŝ−

h̄
√

2
|+,+⟩ . (2.51)
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to find |1,0⟩ in {|m1,m2⟩} basis. We simply apply Ŝ− = Ŝ1− + Ŝ2− on |m1,m2⟩ :

|1,0⟩ =
Ŝ1− + Ŝ2−−

h̄
√

2
|+,+⟩ ,

=
1√
2

[
|+,−⟩+ |−,+⟩

]
. (2.52)

Then, we proceed with the application of Ŝ− on |1,0⟩

Ŝ− |1,0⟩= h̄
√

2 |1,−1⟩ ⇒ |1,−1⟩= Ŝ−
h̄
√

2
|1,0⟩ ,

|1,−1⟩ =
Ŝ1− + Ŝ2−−

2h̄
[|+,−⟩+ |−,+⟩] ,

= |−,−⟩ . (2.53)
The vector |0,0⟩ must be a linear combination of |+,−⟩ and |−,+⟩

|0,0⟩= a |+,−⟩+b |−,+⟩ , (2.54)
where the combination of (2.52) with (2.54) leads to

⟨0,0 |1,0⟩= a+b√
2

= 0 ⇒ a =−b. (2.55)
Since |0,0⟩ has to be normalized, we get

⟨0,0 |0,0⟩= |a|2 + |b|2 = 1 ⇒ a =
1√
2
. (2.56)

After substituting this value into equation (2.54), we obtain
|0,0⟩= 1√

2

[
|+,−⟩−|−,+⟩

]
. (2.57)

2.2 Clebsch–Gordan Coefficients (CG-C)

The angular momentum state vectors {|J,M⟩} form a complete basis set in space
E = E(1)⊗E(2), which is the same Hilbert space of the angular momentum state
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vectors represented by {| j1, j2,m1,m2⟩}. So, in this space E= E(1)⊗E(2), we have2-basis sets and our objective is to establish the connection between these twosets of bases.First, we express the vectors |J,M⟩ in term of | j1, j2,m1,m2⟩ as follows:
|J,M⟩= 1 |J,M⟩ . (2.58)

Then, we introduce the completeness relation
1 =

+ j1

∑
m1=− j1

+ j2

∑
m2=− j2

| j1, j2,m1,m2⟩⟨ j1, j2,m1,m2| . (2.59)
We find

|J,M⟩ =
+ j1

∑
m1=− j1

+ j2

∑
m2=− j2

⟨ j1, j2,m1,m2 |J,M⟩ | j1, j2,m1,m2⟩ ,

=
+ j1

∑
m1=− j1

+ j2

∑
m2=− j2

CJ,M
j1,m1, j2,m2

| j1, j2,m1,m2⟩ , (2.60)
where

CJ,M
j1,m1, j2,m2

= ⟨ j1, j2,m1,m2 |J,M⟩ , (2.61)
are called Clebsch-Gordan Coefficients (CG-C). This term represents matrix ele-ments of a unitary matrix that facilitate the the transformation between differentbases, The dimension of the space E denoted by dJ is given by (2 j1 +1)(2 j2 +1).Consequently, our unitary matrix has dimensions of dJ by dJ. Please note that, the(CG-C) goes to zero if M ̸= m1 +m2

⟨ j1, j2,m1,m2 |J,M⟩= 0 if M ̸= m1 +m2. (2.62)
Besides, the CG-C are real, in other words, the elements of the unitary matrix arereal valued:

⟨ j1, j2,m1,m2 |J,M⟩= ⟨J,M | j1, j2,m1,m2⟩ . (2.63)
We also know the orthonormality condition

〈
J′,M′ |J,M⟩= δJ,J′δM,M′. (2.64)
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Now, by employing the completeness relation, given in (2.59),
+ j1

∑
m1=− j1

+ j2

∑
m2=− j2

〈
J′,M′ | j1, j2,m1,m2⟩⟨ j1, j2,m1,m2 |J,M⟩= δJ,J′δM,M′. (2.65)

with equation (2.63), we get
+ j1

∑
m1=− j1

+ j2

∑
m2=− j2

⟨ j1, j2,m1,m2
∣∣J′,M′〉⟨ j1, j2,m1,m2 |J,M⟩ = δJ,J′δM,M′,

+ j1

∑
m1=− j1

+ j2

∑
m2=− j2

⟨ j1, j2,m1,m2 |J,M⟩⟨ j1, j2,m1,m2 |J,M⟩ = 1. (2.66)
Since {| j1, j2,m1,m2⟩} satisfies the orthonormality condition,

⟨ j1, j2,m1,m2
∣∣ j1, j2,m′

1,m
′
2
〉
= δm1,m′

1
δm2,m′

2
, (2.67)

we obtain
∑
J

J

∑
M=−J

⟨ j1, j2,m1,m2 |J,M⟩⟨J,M
∣∣ j1, j2,m′

1,m
′
2
〉
= δm1,m′

1
δm2,m′

2
,

∑
J

J

∑
M=−J

⟨ j1, j2,m1,m2 |J,M⟩⟨ j1, j2,m1,m2 |J,M⟩= 1. (2.68)
It is worth noting that, equations (2.66) and (2.68) represent the normality conditionsof the global state |J,M⟩ .

||J,M⟩|2 = ∑
J

J

∑
M=−J

(⟨ j1, j2,m1,m2 |J,M⟩)2 . (2.69)
=

+ j1

∑
m1=− j1

+ j2

∑
m2=− j2

(⟨ j1, j2,m1,m2 |J,M⟩)2 . (2.70)
2.3 3J Symbols

The CG-C can be expressed in terms of the Wigner coefficients (3J symbols) asfollows: (
j1 j2 J

m1 m2 M

)
=

(−1)2 j1+J+M
√

2J+1
⟨ j1, j2,−m1,−m2 |J,M⟩ . (2.71)
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The inverse relation reads
⟨ j1, j2,m1,m2 |J,M⟩= (−1) j1−J+M √

2J+1

(
j1 j2 J

m1 m2 −M

)
. (2.72)

Here, the symbol ( j1 j2 J

m1 m2 −M

) is referred to as a Wigner coefficient. The 3Jsymbol has the following property(
j1 j2 J

m1 m2 M

)
= 0, if m1 +m2 +M ̸= 0. (2.73)

The 3J symbol remains unchanged when the columns undergo on an even permu-tation (
j1 j2 J

m1 m2 M

)
=

(
J j1 j2
M m1 m2

)
=

(
j2 J j1

m2 M m1

)
. (2.74)

On the contrary, an odd permutation of the columns is analogous to multiplying bythe coefficient (−1) j1+ j2+J

(−1) j1+ j2+J

(
j1 j2 J

m1 m2 M

)
=

(
j2 j1 J

m2 m1 M

)
. (2.75)

Orthogonality properties of the Wigner 3j symbols read
∑
J,M

(
j1 j2 J

m1 m2 M

)(
j1 j2 J

m′
1 m′

2 M

)
= δm1,m′

1
δm2,m′

2
. (2.76)

∑
m1,m2

(
j1 j2 J

m1 m2 M

)(
j1 j2 J′

m1 m2 M′

)
=

δJ′,JδM′,Mδ ( j1 j2J)
2J+1

, (2.77)
where

δ ( j1 j2J) =

{
1, if | j1 − j2| ≤ J ≤ j1 + j2
0, otherwise . (2.78)



2.4 Addition of three angular momenta 45

2.4 Addition of three angular momenta

2.4.1 Total angular momentum operator

Consider 3-angular momentum operators Ĵ1, Ĵ2 and Ĵ3 of magnitudes j1, j2 and j3.Let us assume that these operators act in 3-spaces E(1) ,E(2) and E(3) respectively.In this case, the total angular momentum reads Ĵ = Ĵ1 + Ĵ2 + Ĵ3, where Ĵ1, Ĵ2 and
Ĵ3 stand for the commuting operators.When combining three angular momenta, we have the following basis for Hilbertspace

| j1;m1⟩⊗ | j2;m2⟩⊗ | j3;m3⟩= | j1; j2; j3;m1;m2;m3⟩ . (2.79)
The global system’s state space can be described with the tensor product of E(1) ,
E(2) , and E(3)

E= E(1)⊗E(2)⊗E(3) . (2.80)
Therefore, the dimensionality of the global state space reads

d = (2 j1 +1)(2 j2 +1)(2 j3 +1) . (2.81)
There are different ways of forming the vector of total angular momentum Ĵ :

Ĵ1 , Ĵ2︸ ︷︷ ︸
Ĵ1,2 , Ĵ3︸ ︷︷ ︸

Ĵ ;

Ĵ2 , Ĵ3︸ ︷︷ ︸
Ĵ2,3 , Ĵ1︸ ︷︷ ︸

Ĵ ;

Ĵ1 , Ĵ3︸ ︷︷ ︸
Ĵ1,3 , Ĵ2︸ ︷︷ ︸

Ĵ

1. We can first couple Ĵ1 and Ĵ2 to construct the angular momentum Ĵ1,2

Ĵ1,2 = Ĵ1 + Ĵ2, (2.82)
Then, we couple Ĵ1,2 and Ĵ3 to construct the total angular momentum Ĵ

Ĵ = Ĵ1,2 + Ĵ3. (2.83)
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In this scheme, the eigenvector is as follows:
∣∣( j1, j2)J1,2, j3,J,M

〉
= ∑

mi

⟨ j1, j2,m1,m2
∣∣J1,2,M1,2

〉
〈
J1,2, j3,M1,2,m3 |J,M⟩ | j1, j2, j3,m1,m2,m3⟩ .(2.84)

and it is common for Ĵ2
1, Ĵ2

2, Ĵ2
3, Ĵ2

1,2, Ĵ2 and Ĵz. The corresponding quantumnumbers j1, j2, j3, J1,2 and J satisfy the triangular conditions
| j1 − j2| ≤ J1,2 ≤ j1 + j2;

∣∣J1,2 − j3
∣∣≤ J ≤ J1,2 + j3. (2.85)

2. Instead of the first way, we can couple first Ĵ2+ Ĵ3 = Ĵ2,3, and then Ĵ1+ Ĵ2,3 = Ĵ.In this way, the eigenvector reads
∣∣ j1,( j2, j3)J2,3,J,M

〉
= ∑

mi

⟨ j2, j3,m2,m3
∣∣J2,3,M2,3

〉
〈

j1,J2,3,M2,3,m1 |J,M⟩ | j1, j2, j3,m1,m2,m3⟩ .(2.86)
and it is common for Ĵ2

1, Ĵ2
2, Ĵ2

3, Ĵ2
2,3, Ĵ2 and Ĵz. Here, the quantum numbers j1,

j2, j3, J2,3 and J follow the following triangular conditions
| j2 − j3| ≤ J2,3 ≤ j2 + j3;

∣∣J2,3 − j1
∣∣≤ J ≤ J2,3 + j1. (2.87)

3. Instead of the previous two ways, one can couple first Ĵ1 and Ĵ3, to obtain
Ĵ1,3. This vector gets values between | j1 − j3| and j1+ j3. Then, the resultingvector can be derived via Ĵ1,3 + Ĵ2 = Ĵ. In this way, the eigenvector reads

∣∣( j1, j3)J1,3, j2,J,M
〉

= ∑
mi

⟨ j1, j3,m1,m3
∣∣J1,3,M1,3

〉
〈
J1,3, j2,M1,3,m2 | J,M

〉
| j1, j2, j3,m1,m2,m3⟩(2.88)

and it is common for Ĵ2
1, Ĵ2

2, Ĵ2
3, Ĵ2

1,3, Ĵ2 and Ĵz. The quantum numbers J obeysthe triangular conditions
∣∣J1,3 − j2

∣∣≤ J ≤ J1,3 + j2. (2.89)
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2.5 6J symbol

Among the three sets of eigenvectors, given in equations (2.84-2.88), it’s possible tofind transformations that establish connections between these different bases. Wecan express this type of transformation formally as follows:
∣∣ j1,( j2, j3)J2,3,J,M

〉
= ∑

J2,3

〈
( j1, j2)J1,2, j3,J

∣∣ j1,( j2, j3)J2,3,J
〉∣∣( j1, j2)J1,2, j3,J,M

〉
.

(2.90)The coefficients in (2.90) do not depend on the projection quantum number M. Wecan express this transformation in the following form:
〈
( j1, j2)J1,2, j3,J

∣∣ j1,( j2, j3)J2,3,J
〉
=
√
(2J1,2 +1)(2J2,3 +1)W( j1, j2,J, j3;J1,2,J2,3) .(2.91)The term that stands on the right-hand side, W( j1, j2,J, j3;J1,2,J2,3) is called theRacah W-coefficient.In this formalism, Wigner’s 6J symbol is defined by{

a b e

d c f

}
= (−1)a+b+c+d W(a,b,c,d;e, f ) , (2.92)

and sometimes it is utilized in place of the Racah coefficient. The definition of the
6J-symbol in terms of the 3J-symbols reads{

j1 j2 J1,2

j3 J J2,3

}
= ∑

m1,m2,m3

∑
m′

1,m
′
2,m

′
3

(−1)∑ ji+∑ℓi+∑mi+∑m′
i ×(

j1 j2 J3

m1 m2 m3

)(
j1 ℓ2 ℓ3

−m1 m′
2 −m′

3

)

×

(
ℓ1 j2 ℓ3

−m′
1 −m2 m′

3

)(
ℓ1 ℓ2 j3
m′

1 −m′
2 m3

)
. (2.93)

It is worth noting that the 6J symbol remains unchanged under the following sym-metry transformation:
• Any permutation of columns.
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• Under exchange of the j’s in rows 1 and 2 for any 2-columns{
j1 j2 J1,2

j3 J J2,3

}
=

{
j3 J J1,2

j1 j2 J2,3

}
=

{
j1 J J2,3

j3 j2 J1,2

}
=

{
j1 j2 J2,3

j3 J J1,2

}
.(2.94)

2.6 Wigner-Eckart Theorem

Scalar operators

One can define a scalar operator, Â, as an operator that commutes with the threecomponents of the total angular momentum.[
Ĵi, Â

]
= 0. (2.95)

Examples of scalar operators: L̂ · Ŝ, r̂ · p̂, ...

Vector operators

An operator V̂ is considered a vector operator if its components V̂x, V̂y, and V̂z satisfythe following commutation relations:
[
Ĵi,V̂j

]
= ih̄εi jkV̂k. (2.96)

Examples of vector operators: p̂, r̂, Ĵ, ...

Irreducible tensor operator

An irreducible tensor operator of rank k is defined as a set of 2k + 1 functions,denoted as T̂ (k)
q (−k ≤ q ≤ k), which transform under the 2k+ 1 dimensional repre-sentation of the rotation group.

T̂ ′(k)
q =

(k)

∑
q′q

T̂ (k)
q R(k)

q′,q. (2.97)
The components of T̂ (k)

q of can be defined by their commutation relations with thecomponents of the total angular momentum vector of the system on wich the tensor
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component act. Specifically,[
Ĵ±, T̂

(k)
q

]
= h̄
√

k (k+1)−q(q±1)T̂ (k)
q±1. (2.98)

[
Ĵz, T̂

(k)
q

]
= h̄qT̂ (k)

q . (2.99)
Any scalar operator is an irreducible tensor operator of rank 0 and having only onecomponent. The quantities T̂ (1)

q related to the components of vector operators V̂

T̂ (1)
0 = V̂0; T̂ (1)

±1 =
1√
2

(
V̂x ±V̂y

)
, (2.100)

form an irreducible tensor operator of rank 1.
Wigner-Eckart theorem

The matrix element of spherical tensor operator T̂ (k)
q with respect to the angularmomentum (Ĵz and Ĵ) takes the form〈

α
′, j′,m′ | T̂ (k)

q | α, j,m
〉
=
〈

j,k,m,q | j′,m′〉〈
α
′, j′ || T̂ (k)

q || α, j
〉

where α, α ′ are quantum numbers. The factor 〈α ′, j′ || T̂ (k)
q || α, j

〉 is called thereduced matrix element, and ⟨ j,k,m,q, | j′,m′⟩ is just the CG-C for two angular mo-menta. The proof of this theorem is given in several different textbooks.The implication of the Wigner-Eckart theorem is that the matrix element〈
α ′, j′,m′ | T̂ (k)

q | α, j,m
〉 can be expressed as a product of terms that it’s indepen-dent of q, m and m′ , combined with the Clebsch-Gordan coefficient

Wigner-Eckart theorem for a scalar operator The scalar operator is an irreducibletensor operator of rank 0, we have〈
α
′, j′,m′ | Â | α, j,m

〉
=
〈

j,0,m,0 | j′,m′〉〈
α
′, j′ || Â || α, j

〉
, (2.101)

the coefficient ⟨ j,0,m,0 | j′,m′⟩ is zero unless j′ = j and m = m′,〈
α
′, j′,m′ | Â | α, j,m

〉
=
〈

α
′, j || Â || α, j

〉
. (2.102)
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Wigner-Eckart theorem for a vector operator :As we know, a vector operator is an irreducible tensor operator of rank 1

〈
α
′, j′,m′ | V̂q | α, j,m

〉
=
〈

j,1,m,q | j′,m′〉〈
α
′, j′ || V̂q || α, j

〉
, (2.103)

here, the coefficients ⟨ j,0,m,0 | j′,m′⟩ equal to zero except for | j−1| ≤ j′ ≤ j+1 and
m+q = m′.

Projection Theorem

The Projection theorem asserts that for any vector operator V̂i and j ̸= 0 :

〈
α
′, j′,m′ | V̂i | α, j,m

〉
=

〈
α ′, j,m |

(
Ĵ · V̂

)
| α, j,m

〉
h̄2 j ( j+1)

〈
α
′, j′,m′ | Ĵ | α, j,m

〉
. (2.104)

An important application of the projection theorem is the calculation of the Landé
g-factor for a particle possessing both orbital angular momentum ℓ and spin angularmomentum s. By using the magnetic moment of an electron

−→
µ =

e
2m

(
L̂+2Ŝ

)
. (2.105)

and the Landé factor
〈
α
′, j′,m′ | −→µ | α, j,m

〉
= gℓ,s

e
2m

〈
α
′, j′,m′ | J | α, j,m

〉
, (2.106)

one can obtain
gℓ,s =

〈
α ′, j,m |

(
Ĵ·
(

L̂+2Ŝ
))

| α, j,m
〉

h̄2 j ( j+1)

=

〈
α ′, j,m |

(
Ĵ·
(

Ĵ+ Ŝ
))

| α, j,m
〉

h̄2 j ( j+1)

In order to calculate factor "Ĵ·(L̂+2Ŝ
)", we employ

Ĵ·
(

L̂+2Ŝ
)
= Ĵ·

(
Ĵ+ Ŝ

)
= Ĵ2 + Ĵ · Ŝ, (2.107)

2Ĵ · Ŝ = Ĵ2+Ŝ2 − L̂2. (2.108)
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thus,
Ĵ·
(

L̂+2Ŝ
)
= Ĵ2 − L̂2

2
+

Ĵ2

2
+

Ŝ2

2
=

3Ĵ2

2
− L̂2

2
+

Ŝ2

2
.

Hence, in a state with definite values of j, s, and ℓ, we find
gℓ,s =

〈
α ′, j,m |

(
3Ĵ2

2 − L̂2

2 + Ŝ2

2

)
| α, j,m

〉
h̄2 j ( j+1)

,

= 1+
1− ℓ(ℓ+1)+ s(s+1)

2 j ( j+1)
. (2.109)
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2.7 Exercises

Exercise 1

Find the energy levels and their degeneracies for a system of two nonidentical spin1/2 particles with Hamiltonian
H =

ε0

h̄2

(
Ŝ2

1 + Ŝ2
2

)
− ε0

h̄

(
Ŝ1z + Ŝ2z

)
,

where ε0 is a constant.
Solution

The four operators Ŝ2
1, Ŝ

2
2, Ŝ1z, Ŝ2z form a complete set of commuting operators; theycan thus be jointly diagonalized by the same states. Denoting their joint eigenstatesby |s1,s2,m1,m2⟩,

Ŝ2
i |s1,s2,m1,m2⟩= h̄2si (si +1) |s1,s2,m1,m2⟩ ,

Ŝiz |s1,s2,m1,m2⟩= h̄mi |s1,s2,m1,m2⟩ .The eigenvalues of H are thus given by
H |s1,s2,m1,m2⟩= ε0 (s1 (s1 +1)+ s2 (s2 +1)−m1 −m2) |s1,s2,m1,m2⟩ .

The matrix of H can be given via
H = ε0


1
2 0 0 0
0 3

2 0 0
0 0 3

2 0
0 0 0 5

2

 .

The eigenvalues of H are
E1/2,1/2 =

ε0

2
;E1/2,−1/2 =

3ε0

2
;E−1/2,1/2 =

3ε0

2
;E−1/2,−1/2 =

5ε0

2
.

the energy E1/2,−1/2 = E−1/2,1/2 =
3ε0
2 is twofold degenerate, since it corresponds totwo different states.
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Exercise 2

Consider two nonidentical spin s=1/2 particles with Hamiltonian
H =

ε0

h̄2

(
Ŝ1 + Ŝ2

)2
− ε0

h̄2

(
Ŝ1z + Ŝ2z

)2
,

where ε0 is a constant. Find the energy levels and their degeneracies
Solution

We introduce the total angular momentum of the system, Ŝ, which is defined by
Ŝ = Ŝ1 + Ŝ2,and

Ŝz = Ŝ1z + Ŝ2z.The square of the total angular momentum operator, Ŝ2, commutes with Ŝi,[
Ŝ2, Ŝ2

1

]
=
[
Ŝ2, Ŝ2

2

]
= 0,

In addition Ŝz commutes with Ŝ2

[
Ŝ2, Ŝz

]
= 0

Therefore, the four operators Ŝ2, Ŝ2
1, Ŝ

2
2 and Ŝz can be diagonalized simultaneouslyby the same states,

Ŝ2 |S,M⟩= h̄2S (S+1) |S,M⟩ ,

Ŝz |S,M⟩= h̄M |S,M⟩ .

The allowed values of the total spin angular momentum of two particles are
0 ≤ S ≤ 1

and for a given S, the possible values of M are as follows:
−S ≤ M ≤ S
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So, we may write H as
H =

ε0

h̄2

(
Ŝ2 − Ŝ2

z

)
.

The eigenvalues of H are thus given by
H |S,M⟩= ε0

(
S (S+1)−M2) |S,M⟩ .

The matrix of H can be given via
H = ε0


1 0 0 0
0 2 0 0
0 0 1 0
0 0 0 0

 .

The eigenvalues of H are
E1,−1 = ε0;E1,0 = 2ε0;E1,1 = ε0;E0,0 = 0.

the energy E1,−1 = E1,1 = ε0 is twofold degenerate, since it corresponds to twodifferent states.
Exercise 3

This problem demonstrates the Zeeman effect for a one-electron atom with thevalency electron in a state with ℓ = 1. The Hamiltonian for the system consists ofthe coupling of orbital and spin angular momenta and magnetic terms,
H =

2W
h̄2 L̂ · Ŝ+µBB

h̄

(
L̂z +2Ŝz

)
.

Denote the 3-eigenfunction of L̂z by m1,m0,m−1, the eigenfunction of Ŝz by α and βand the product eigenfunction by
χ1 = αm1,χ3 = αm0,χ5 = αm−1,

χ2 = βm1,χ4 = βm0,χ6 = βm−1,

Show the following
1
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L̂ · Ŝ =
L̂+Ŝ−+ L̂−Ŝ+

2
+ L̂zŜz.

2

Hχ1 = c11χ1; Hχ6 = c66χ6,

Hχ2 = c22χ2; Hχ3 = c32χ2 + c33χ3,

Hχ4 = c44χ4 + c45χ5; Hχ5 = c54χ4 + c55χ5,

where
c11 = 2ε +W ; c22 = c55 =−W,

c66 = −2ε +W ; c33 =−c44 = ε,

23c = c32 = c45 = c54 =
√

2W ; ε = µBB

3 The eigenvalues E of the Hamiltonian have the values
W ±ε;

1
2

[
(ε −W )±

√
(ε +W )2 +2W 2

]
;

1
2

[
−(ε +W )±

√
(ε −W )2 +2W 2

]
.

Solution

1

L̂ · Ŝ =L̂xŜx + L̂yŜy + L̂zŜz,

L̂ · Ŝ =

(
L̂++ L̂−

)(
Ŝ++ Ŝ−

)
4

−
(
L̂+− L̂−

)(
Ŝ+− Ŝ−

)
4

+ L̂zŜz,

=
L̂+Ŝ−+ L̂−Ŝ+

2
+ L̂zŜz.So, the Hamiltonian is

H =
µBB

h̄

(
L̂z +2Ŝz

)
+

W
h̄2

(
L̂+Ŝ−+ L̂−Ŝ+

)
+

2W
h̄2 L̂zŜz.
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For L̂z, and Ŝz we have
L̂zm1 = h̄m1; L̂zm0 = 0m1; L̂zm−1 =−h̄m−1,

Ŝzα =
h̄
2

α; Ŝzβ =− h̄
2

β .

To obtain Hχ1, we calculate the result of each term in H

1
h̄

(
L̂z +2Ŝz

)
χ1 =

1
h̄

(
L̂z +2Ŝz

)
m1α = 2m1α = χ1,

1
h̄2 L̂zŜzχ1 =

1
2

χ1,

L̂+Ŝ−χ1 = L̂−Ŝ+χ1 = 0,

Hχ1 = (2µBB+W )χ1.For χ2, we have
Hχ2 =

[
µBB

h̄

(
L̂z +2Ŝz

)
+

2W
h̄2 L̂zŜz +

W
h̄2

(
L̂+Ŝ−+ L̂−Ŝ+

)]
βm1

=

[
µBB

h̄

(
L̂z +2Ŝz

)
βm1 +

2W
h̄2 L̂zŜzβm1 +

W
h̄2

(
L̂+Ŝ−+ L̂−Ŝ+

)
βm1

]
= c22χ2 + c23χ3.

The matrix of the operator H on the basis of the χi is

H =



2ε +W 0 0 0 0 0
0 −W

√
2W 0 0 0

0
√

2W ε 0 0 0
0 0 0 −ε

√
2W 0

0 0 0
√

2W −W 0
0 0 0 0 0 −2ε +W


.

The eigenvalues E of the Hamiltonian are
1
2
(ε −W )± 1

2

√
ε2 +2εW +9W 2,

W ±2ε,
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−(ε +W )± 1
2

√
ε2 −2εW +9W 2.

Exercise 4

Consider a hydrogen atom in the 1s state. Denote the z component of the Pauli spinoperator for the electron by σez and its eigenstates by αe and βe, with correspondingnotation for the proton nucleus. The Hamiltonian for the system is given by
H = B

(
µeσez +µpσpz

)
+Wσe ·σp,

For B = 0, Show that the eigenstates of H are αα , ββ , (αβ +βα)/
√

2, withenergy W , and(αβ −βα)/
√

2,−3W . (The first α and β in each product refers tothe electron and the second to the proton.)
Solution

When B = 0, H =Wσe ·σp. Then
σe ·σpαα =

(
σexσpx +σeyσpy +σezσpz

)
αα,

= ββ −ββ +αα = αα.

σe ·σpαβ =
(
σexσpx +σeyσpy +σezσpz

)
αβ ,

= (2βα −αβ ) .

σe ·σpβα =
(
σexσpx +σeyσpy +σezσpz

)
βα,

= 2βα −βα.

Hence
σe ·σp (αβ +βα) = αβ +βα,

σe ·σp (αβ −βα) = −3(αβ −βα) .

The states αα,(αβ +βα)/
√

2,ββ are normalised eigenfunction of H with eigen-value W , and the state (αβ −βα)/
√

2 is a normalised eigenfunction with eigenvalue
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−3W.

Exercise 5

Consider a set of 3-operators Tm, m = 0,1,−1 such that
T+

m = (−1)m Tm,[
Ĵ±,Tm

]
= h̄
√

2−m(m±1)Tm±1,[
Ĵz,Tm

]
= h̄mTm,where Ĵ are the total angular momentum operators. Evaluate the m′, m” depen-dence of the matrix elements ⟨ j,m′ |Tm| j,m”⟩ .Express in terms of 3×3 matrices.

Solution

We begin by taking
T0 =

 α β γ

δ ε ε

µ ν κ

 .

Then using
[
Ĵz,T0

]
= 0,

ĴzT0 =

 −1 0 0
0 0 0
0 0 1


 α β γ

δ ε ε

µ ν κ

=

 −α −β −γ

0 0 0
µ ν κ

 ,

T0Ĵz =

 α β γ

δ ε ε

µ ν κ


 −1 0 0

0 0 0
0 0 1

=

 −α 0 γ

−δ 0 ε

−µ 0 κ

 ,

[
Ĵz,T0

]
=

 0 −β −2γ

δ 0 −ε

2µ ν 0

= 0
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we find
β = γ = ε = δ = µ = ν = 0,

T0 =

 α 0 0
0 ε 0
0 0 κ

 .

Next, we use [
Ĵ+,T0

]
= h̄

√
2T1,we find

T1 =

 0 ε −α 0
0 ε κ − ε

0 0 0

 .

Similarly, we use [
Ĵ−,T0

]
= h̄

√
2T−1,we find

T−1 =

 0 0 0
α − ε ε 0

0 ε −κ 0

 .

The condition T+
m = (−1)m Tm show that the 3-numbers α,ε,κ are real. Further-more, if we use [

Ĵ+,T+1
]
=
[
Ĵ−,T−1

]
= 0,

we find
α −2ε +κ = 0 =⇒ ε =

α +κ

2
.

Therefore
T+ =

κ −α

2
√

2h̄
Ĵ+,

T− =−κ −α

2
√

2h̄
Ĵ−,

T0 =−κ −α

2h̄
Ĵ+− κ +α

2
.



Chapter 3

Central Potentials

3.1 General Treatment

In this chapter, we examine the structure of the three-dimensional Schrödingerequation for a particle of mass µ which moves under the effect of a sphericallysymmetric potential, V (r̂) = V (r̂). The dynamics of the system is encoded in thesolutions of the time-independent Schrodinger equation:[
p̂2

2µ
+V (r̂)

]
ψ (r̂) = Eψ (r̂) , (3.1)

or [
−h̄2

2µ
∆+V (r̂)

]
ψ (r̂) = Eψ (r̂) . (3.2)

Since central potentials are spherically symmetric, using spherical coordinates ismore appropriate. For the transformation between the cartesian and sphericalcoordinates, the usual definition
x = r sinθ cosϕ; y = r sinθ sinϕ; y = r cosθ . (3.3)

can be used. In spherical coordinate systems, a three-dimensional volume elementreads:
dV = r2dr sinθdθdϕ, (3.4)
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and therefore, the normalization integral for the wave function takes the form of
∫ +∞

0
dr
∫

π

0
dθ

∫ 2π

0
dϕr2 sinθ |ψ (r,θ ,ϕ)|2 = 1. (3.5)

The Laplacian operator, ∆, can be separated into radial and angular components inthe following manner
∆ =

1
r2

∂

∂ r

(
r2 ∂

∂ r

)
+

1
r2

[
1

sinθ

∂

∂θ

(
sinθ

∂

∂θ

)
+

1
sin2

θ

∂ 2

∂ϕ2

]
, (3.6)

or alternatively as follows
∆ =

1
r2

∂

∂ r

(
r2 ∂

∂ r

)
− L̂2

r2h̄2 , (3.7)
where L̂2 is the square of the orbital angular momentum. If we employ equation(3.7) in (3.2), we obtain the folowing equation

Hψ (r̂) = Eψ (r̂) , (3.8)
where

H =− h̄2

2µ

1
r2

∂

∂ r

(
r2 ∂

∂ r

)
+

L̂2

2µr2 +V (r̂) . (3.9)
It is worth noting that the Hamiltonian operator commutes with the square of theorbital angular operator L̂2. [

H, L̂2]= 0. (3.10)
Moreover, it commutes with each angular momentum operator L̂i,[

H, L̂i
]
= 0. (3.11)

Therefore, a common basis set of eigenfunctions for the operators H, L̂2, L̂z shouldexist. To obtain that solution, we focus on equation (3.9) which admits the decom-position of the wave function into radial and angular components
ψ (r̂) = Rn,ℓ (r)Yℓ,m (θ ,ϕ) . (3.12)
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Recalling
L̂2Yℓ,m (θ ,ϕ) = h̄2ℓ(ℓ+1)Yℓ,m (θ ,ϕ) , (3.13)

we substitute equations (3.12) and (3.13) into equation (3.9). We get[
− h̄2

2µr2
d
dr

(
r2 d

dr

)
+V (r)+

h̄2ℓ(ℓ+1)
2µr2

]
Rn,ℓ (r) = En,ℓRn,ℓ (r) . (3.14)

The latter equation depends on radial coordinates and it does not stand with thesame form of one-dimensional Schrödinger equation. However, with the followingtransformation
Rn,ℓ (r) =

Un,ℓ (r)
r

. (3.15)
equation (3.14) takes the same form with the Schrödinger equation[

− h̄2

2µ

d2

dr2 +Ve f f (r)
]

Un,ℓ (r) = En,ℓUn,ℓ (r) , (3.16)
with an effective potential definition

Ve f f (r) =V (r)+
h̄2ℓ(ℓ+1)

2µr2 . (3.17)
Here, the term h̄2ℓ(ℓ+1)

2µr2 is called the centrifugal force potential. It is worth notingthat the energy eigenvalues of the system, En,ℓ, do not rely upon the azimuthalquantum number, m. Consequently, the energy eigenvalues En,ℓ is just (2ℓ+1)-folddegenerate.
3.2 Normalization conditions

As mentioned in the previous section (3.1), the solutions of the Schrödinger equationcan be constructed in the following way:
ψ (r) =

Un,ℓ (r)
r

Yℓ,m (θ ,ϕ) . (3.18)
Then, the radial wave function Un,ℓ (r) has to satisfy the following equation[

− h̄2

2µ

d2

dr2 +V (r)+
h̄2ℓ(ℓ+1)

2µr2

]
Un,ℓ (r) = En,ℓUn,ℓ (r) . (3.19)
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On the other hand, the eigenfunctions must be normalizable. Given that the spheri-cal harmonics are normalized to unity, the eigenfunctions corresponding to discreteeigenvalues need to satisfy the following condition:
∫

dr |ψ (r)|2 =
∫ +∞

0
dr
∣∣Un,ℓ (r)

∣∣2 = 1. (3.20)
If E lies in the continuous part of the spectrum, then the eigenfunctions shouldsatisfy the following condition:

∫
dr |ψ (r)|2 =

∫ +∞

0
drU∗

E ′ (r)UE (r) = δ
(
E −E ′) . (3.21)

3.3 Free Particle

3.3.1 Radial equation

In this case, V (r) = 0, and the spectrum energy varies continuously ( E ≥ 0). Thefree particle can be considered as a particular case of central potentials sincethe effective potential is not equal to zero. As demonstrated in section (3.1), thewave function can be separated into the radial and angular components as ψ (r̂) =
Rn,ℓ (r)Yℓ,m (θ ,ϕ). The radial equation of a free particle reads[

1
r2

d
dr

(
r2 d

dr

)
− ℓ(ℓ+1)

r2 + k2
]

Rk,ℓ (r) = 0, (3.22)
in spherical coordinates, or[

∂ 2

∂x2 +
∂ 2

∂y2 +
∂ 2

∂ z2 + k2
]

ψ (r) = 0, (3.23)
in Cartesian coordinates. Here, k2 = 2µE

h̄2 . One can easily verify that the de Brogliewave function. ψ = ei
−→
k ·−→r , is a specific solution of the latter equation.Now, let us introduce the dimensionless variable ρ = kr. Then, equation (3.22)takes the form [

d2

dρ2 +
2
ρ

d
dρ

+1− ℓ(ℓ+1)
ρ2

]
Rk,ℓ (ρ) = 0. (3.24)

This differential equation is Bessel’s differential equation and its solutions are the
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Bessel functions,
Rk,ℓ (ρ) = Aℓ

regular at the origin
jℓ (ρ)︸ ︷︷ ︸ +Bℓ

diverge at the origin
nℓ (ρ)︸ ︷︷ ︸ , (3.25)

where
jℓ (ρ) = (−ρ)ℓ

(
1
ρ

d
dρ

)ℓ sinρ

ρ
, (3.26)

is the spherical Bessel function, and
nℓ (ρ) = (−ρ)ℓ

(
1
ρ

d
dρ

)ℓ cosρ

ρ
, (3.27)

is the spherical Neumann function. The Neumann functions, nℓ (ρ), exhibit diver-gence at the origin. So they are not suitable solutions for this problem. Conse-quently, only the spherical Bessel functions, jℓ (ρ) , constitute the eigenfunctions ofthe free particle
ψ (r̂) = jℓ (ρ)Yℓ,m (θ ,ϕ) . (3.28)

Now, let us examine some specific cases, starting with the spherical states for which
ℓ= 0. In this case, we have

j0 (ρ) =
sinρ

ρ
, and lim

ρ−→0
j0 (ρ) = 1, (3.29)

Therefore,
Rk,0 (ρ) = A0

sinρ

ρ

ρ→0−→ A0 ̸= 0. (3.30)
For ℓ= 0, the probability density at the origin is non-zero ∣∣Rk,ℓ (ρ)

∣∣2. This is due tothe absence of the centrifugal barrier for ℓ= 0.Finally, let us consider the case where ℓ >> 1. In this situation, we have
jℓ (ρ)≃ ρ

ℓ r→0−→ 0,

Rk,0 (ρ) = ρ
ℓ r→0−→ 0. (3.31)

which shows that the wave function tends to zero.
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3.3.2 Plane waves and spherical waves

The eigenfunction of a free particle in spherical coordinates stands
ψk,ℓ,m (−→r ) = jℓ (kr)Yℓ,m (θ ,ϕ) . (3.32)

This function is the spherical plane wave
ei
−→
k ·−→r = ∑

ℓ,m
aℓ,m jℓ (kr)Yℓ,m (θ ,ϕ) . (3.33)

So, the problem is to find the expansion of the coefficients aℓ,m.We can always select the z-axis of our problem to lie along −→
k ,

−→
k ·−→r = kr cosθ , and m = 0, (3.34)

eikr cosθ = ∑
ℓ

√
2ℓ+1

4π
aℓ jℓ (kr)Pℓ (cosθ) . (3.35)

Here, we’ve utilized the relationship between Yℓ,0 (θ ,ϕ) and the Legendre polyno-mial, Pℓ (cosθ). To determine the coefficient aℓ, we use the orthogonality relation ofthe Legendre polynomials, which is given by∫
Pℓ (cosθ)Pℓ′ (cosθ)d cosθ =

2
2ℓ+1

δℓ,ℓ′. (3.36)
By multiplying both sides of equation (3.35) by Pℓ′ (cosθ) , and subsequently inte-grating over θ using equation (3.36), we arrive at

∫ +1

−1
eikr cosθ Pℓ′ (cosθ)d cosθ =

1√
π (2ℓ+1)

aℓ jℓ (kr) . (3.37)
There exist various methods to derive aℓ. One approach involves a direct calculationof the integral on the right-hand side as outlined in (I. S. Gradshteyn: Table ofIntegrals, Series, and Products). The outcome is reiterated here:

∫ +1

−1
eikr cosθ Pℓ′ (cosθ)d cosθ = 2iℓ jℓ (kr) . (3.38)
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Comparing equations (3.37) and (3.38), we find
aℓ = iℓ

√
4π (2ℓ+1). (3.39)

When we substitute equation (3.39) back into equation (3.35), we obtain
eikr cosθ = ∑

ℓ

iℓ (2ℓ+1) jℓ (kr)Pℓ (cosθ) . (3.40)
3.4 3-dimensional Square Well Potential

Now, let us examine another problem: a particle with a mass µ in a square wellpotential. Here, we consider the potential energy in the form of
V (r) =

{
−V0, r < a

0, r > a
. (3.41)

By substituting equation (3.41) into equation (3.14), we get[
− h̄2

2µr2
d
dr

(
r2 d

dr

)
+

h̄2ℓ(ℓ+1)
2µr2

]
Rn,ℓ (r) = (E +V0)Rn,ℓ (r) , for 0 ≤ r < a, (3.42)

and [
− h̄2

2µr2
d
dr

(
r2 d

dr

)
+

h̄2ℓ(ℓ+1)
2µr2

]
Rn,ℓ (r) = ERn,ℓ (r) , for r > a. (3.43)

For the bound state solutions, −V0 ≤ E ≤ 0, first we perform a change of variable
ρ =

√
2m(E+V0)

h̄2 r = κr. Then, equation (3.42) becomes
[

d2

dρ2 +
2
ρ

d
dρ

+1− ℓ(ℓ+1)
ρ2

]
Rℓ (ρ) = 0, for 0 ≤ r < a. (3.44)

This differential equation is commonly known as the Bessel differential equation, ithas a solution in terms of the Bessel functions,
Rκ,ℓ (κr) =Cℓ jℓ (ρ) =Cℓ jℓ

√2m(E +V0)

h̄2 r

 , for 0 ≤ r < a. (3.45)
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where Cℓ stands for the normalization constant. For the solution outside the well,
r > a, we define

k1 = i

√
−2µE

h̄2 . (3.46)
Then, the solutions outside the well potential will be expressed by the linear com-binations of jℓ (ik1r) and nℓ (ik1r):

Rκ,ℓ (r) = Bℓ h(1)ℓ (ik1r) = Bℓ [ jℓ (k1r)+ inℓ (k1r)] , for r > a. (3.47)
By using the fact that the radial wave function and its derivative must exhibitcontinuity at the point of potential discontinuity "r = a”, we write

Cℓ jℓ

√2m(E +V0)

h̄2 a

= Bℓ hℓ (ik1a) , (3.48)
and, √

2mV0

h̄2k2
1
−1Cℓ j′ℓ

(√
2mV0

h̄2 − k2
1a

)
= Bℓ h(1)′ℓ (ik1a) . (3.49)

These conditions yield an equation for the allowed discrete energy eigenvalues ofthe form
h(1)′ℓ (ik1a)

h(1)ℓ (ik1a)
=

√
2mV0

h̄2k2
1
−1

j′ℓ

(√
2mV0
k2

1h̄2 −1k1a
)

jℓ

(√
2mV0
k2

1h̄2 −1k1a
) . (3.50)

3.5 Harmonic Oscillator

3.5.1 Anisotropic three-dimensional harmonic oscillator

Let us consider a scenario where a particle is moving in a three-dimensionalanisotropic oscillator potential defined by
V (x,y,z) =

µ

2
ω

2
1 x2 +

µ

2
ω

2
2 y2 +

µ

2
ω

2
3 z2, (3.51)

In fact, this potential form allows us to consider it as the sum of three separateequations where the first, second, and third equations only depend on x, y, and z,respectively. Therefore, we can write the Schrödinger equation by utilizing variable
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separation for x, y and z

Hψ = [Hx +Hy +Hz]ψ (x,y,z) = Eψ (x,y,z) , (3.52)
where the Hamilton operator components stand for

Hx =
p2

x
2µ

+ µ

2 ω2
1 x2

Hy =
p2

y
2µ

+ µ

2 ω2
2 y2

Hz =
p2

z
2µ

+ µ

2 ω2
3 z2

. (3.53)
Because of the symmetry, we can consider the wave function, ψ (x,y,z), as theproduct of three functions that depend on a single variable each

ψ (x,y,z) = Φ(x)𭟋(y)Ψ(z) . (3.54)
By inserting equation (3.54) into equation (3.52), and then, dividing by the product
Φ(x)𭟋(y)Ψ(z), we arrive at the following expression:[

1
Φ

p2
x

2µ
Φ+

µ

2
ω

2
1 x2
]
+

[
1
𭟋

p2
x

2µ
𭟋+

µ

2
ω

2
2 y2
]
+

[
1
Ψ

p2
x

2µ
Ψ+

µ

2
ω

2
3 z2
]
= E. (3.55)

Here, we observe that each individual equation in the square brackets depends onone of the variables, and their sum is equal to a constant denoted with E . Thisshows us that each of these distinct equations can be taken as a constant, wheretheir sum matches the value of E . In this case, the equations that depends on the
x, y, and z-variables read: [

p2
x

2µ
+

µ

2
ω

2
1 x2
]

Φ = εxΦ. (3.56)[
p2

y

2µ
+

µ

2
ω

2
1 y2

]
𭟋 = εy𭟋, (3.57)[

p2
z

2µ
+

µ

2
ω

2
1 z2
]

Ψ = εzΨ, (3.58)
where

εx + εy + εz = E. (3.59)
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We know that the energy eigenvalues corresponding to the potential V (x) = m
2 ω2

1 x2can be expressed as
εx = h̄ω1

(
nx +

1
2

)
, with nx = 0,1,2, ..., (3.60)

with the corresponding wave function
Φnx =

1√√
π2nxnx!

√
h̄/µω1

e−
mω1
2h̄ x2

Hnx

(√
h̄/µω1x

)
. (3.61)

where Hnx

(√
h̄/mω1x

) denotes the Hermite polynomials. Taking into account theother two components, the total eigenvalue
E = h̄ω1

(
nx +

1
2

)
+ h̄ω2

(
ny +

1
2

)
+ h̄ω3

(
nz +

1
2

)
, (3.62)

and wave functions read:
ψnxnynz(x,y,z) =

1√√
π2nxnx!

√
h̄/µω1

e−
mω1
2h̄ x2

Hnx

(√
h̄/µω1x

)
× 1√√

π2nyny!
√

h̄/µω2

e−
mω2
2h̄ y2

Hny

(√
h̄/µω2y

) (3.63)
× 1√√

π2nznz!
√

h̄/µω3

e−
mω3
2h̄ z2

Hnz

(√
h̄/µω3z

)
,

for nx,ny,nz = 0,1,2, ...

3.5.2 Isotropic three-dimensional harmonic oscillator

Now, let us handle a similar scenario where the particle moves under the influenceof a three-dimensional isotropic oscillator potential,
V (r) =

mω2

2
r2. (3.64)
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Substituting equation (3.64) into equation (3.19), we get[
− h̄2

2µ

d2

dr2 +
µω2

2
r2 +

h̄2ℓ(ℓ+1)
2µr2

]
Un′,ℓ (r) = En′,ℓUn′,ℓ (r) , (3.65)

which can be rewritten as[
d2

dr2 −
µ2ω2

h̄2 r2 − ℓ(ℓ+1)
r2 +

2µEn′,ℓ

h̄2

]
Un′,ℓ (r) = 0. (3.66)

First, let us examine the behavior of the solutions at the asymptotic limits. At r → 0,the dominant terms read: [
d2

dr2 −
ℓ(ℓ+1)

r2

]
Un′,ℓ (r) = 0, (3.67)

and they admit the following solution
Un′,ℓ (r)≃ Aℓrℓ+1 +Bℓr−ℓ. (3.68)

For the normalization, we have to set B = 0. Now, let us consider the other asymp-totic limit, r → ∞, where equation (3.66) takes the form[
d2

dr2 −
µ2ω2

h̄2 r2
]

Un′,ℓ (r) = 0. (3.69)
In this case, the solution stands for:

Un′,ℓ (r)≃ e−
µω

2h̄ r2
. (3.70)

By combining the asymptotic solutions obtained in equations (3.68) and (3.70), weformulate a general form of solution for equation (3.66) as follows:
U (r) = rℓ+1e−

µω

2h̄ r2
Ξn′,ℓ (r) , (3.71)

Substituting the latter equation into (3.66), we obtain an equation that must besatisfied by Ξn,ℓ (r)[
d2

dr2 +2
(
ℓ+1

r
− µω

h̄
r
)

d
dr

+
2µEn′,ℓ

h̄2 − (2ℓ+3)
µω

h̄

]
Ξn′,ℓ (r) = 0. (3.72)
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Now, we define a dimensionless variable
κ =

µω

h̄
r2, (3.73)

which leads the equation to take the following form[
κ

d2

dκ2 +

(
ℓ+

3
2
−κ

)
d

dκ
+

En′,ℓ

2h̄ω
− (2ℓ+3)

4

]
Ξn′,ℓ (κ) = 0. (3.74)

We find that this equation is the same equation as that for the associated Laguerrepolynomials [
κ

d2

dκ2 +(α +1−κ)
d

dκ
+n′

]
Ξn′,ℓ (κ) = 0, (3.75)

which has the following solutions
Ξn′,ℓ (κ) = L(ℓ+1/2)

n′ (κ) , (3.76)
where n′ is non-negative integer number. The simple match of these equationsproduces the energy quantization

En′,ℓ

2h̄ω
− (2ℓ+3)

4
= n′, (3.77)

which can be rewritten as
En,ℓ = h̄ω

(
n+

3
2

)
, n = 0,1,2, ..., (3.78)

where n = 2n′+ ℓ. Here, we observe that the quantum number ℓ is associated with
n as follows:

n = 0; n′ = 0, ℓ= 0,
n = 1; n′ = 0, ℓ= 1,
n = 2; n′ = 0, ℓ= 2, or n′ = 1, ℓ= 0,
n = 3; n′ = 0, ℓ= 3, or n′ = 1, ℓ= 1.

. (3.79)
This shows that the ground state of the isotropic three-dimensional harmonic os-cillator, (n = 0;ℓ= 0), has an energy eigenvalue E0,0 =

3h̄ω

2 , is not degenerate. Wenote that all energy levels for n > 1 are degenerate, and the relationship describing



72 Central Potentials

the degeneracy for the nth energy level can be given as follows:
gn =

(n+1)(n+2)
2

. (3.80)
Before ending this problem. let us to sum up our findings about the radial eigen-functions of the isotropic three-dimensional harmonic oscillator.

Un′,ℓ (r) = Cn′,ℓr
ℓ+1e−

µω

2h̄ r2
L(

ℓ+ 1
2)

n′

(
µω

h̄
r2
)
, (3.81)

where Cn′,ℓ is the normalization constant, which can be established through thefollowing relation
∫ +∞

0
e−κκαLα

n (κ)Lα
m (κ)dκ =

(n+α)!
n!

δn,m. (3.82)
In this case, the normalization constant reads:

Cn′,ℓ =
(

µω

h̄

) ℓ
2+1/4

√
2n′!(

n′+ ℓ+ 1
2

)
!
. (3.83)

Finally, we can write the most general expression of the wave functions of theisotropic three-dimensional harmonic oscillator as follows:
ψn′,ℓ,m (r,θ ,ϕ) =

(
µω

h̄

) ℓ
2+1/4

√
2n′!(

n′+ ℓ+ 1
2

)
!
rℓe−

µω

2h̄ r2
L(

ℓ+ 1
2)

n′

(
µω

h̄
r2
)
Yℓ,m (θ ,ϕ) ,

(3.84)where
L0

0 (x) = 1 L2
0 (x) = 2

L0
1 (x) =−x+1 L2

1 (x) =−6x+18
L0

2 (x) = x2 −4x+2 L2
2 (x) = 12x2 −96x+144

L1
0 (x) = 1 L3

0 (x) = 6
L1

1 (x) =−2x+4 L3
1 (x) =−24x+96

L1
2 (x) = 2x2 −18x+18 L3

2 (x) = 60x2 −600x+1200

Table 3.1: Some associated Laguerre polynomials.
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3.6 Coulomb Potential

In this section, we will examine the radial Schrödinger equation of a single electronmoving in a Coulomb potential
V (r) =−Ze2

r
, (3.85)

Here, −e is the electron charge. We start by substituting the Coulomb potential toequation (3.19). [
− h̄2

2µ

d2

dr2 −
Ze2

r
+

h̄2ℓ(ℓ+1)
2µr2

]
Un′,ℓ (r) = En′,ℓUn′,ℓ (r) . (3.86)

To achieve our goal, which is to find the solution Un′,ℓ (r) and to determine theallowed energy levels En′,ℓ, we first analyze the behavior of the solution at r → ∞,[
d2

dr2 +
2µEn′,ℓ

h̄2

]
Un′,ℓ (r) = 0, (3.87)

that has the general solution as
Un′,ℓ (r)∼ e−

√
−2µEn′,ℓ

h̄ r. (3.88)
On the other hand, for r → 0, equation (3.86) reduces to[

d2

dr2 −
ℓ(ℓ+1)

r2

]
Un′,ℓ (r) = 0, (3.89)

and it admits the solution
Un′,ℓ (r)∼ rℓ+1. (3.90)

By combining equations (3.88) and (3.90), we represent the solution of equation(3.86) in the following form
Un′,ℓ (r) = rℓ+1e−

√
−2µEn′,ℓ

h̄ r𭟋n′,ℓ (r) . (3.91)
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Then, we substitute equation (3.91) into equation (3.86). The radial equation be-comes d2

dr2 +2

(
ℓ+1

r
−
√

−2µEn′,ℓ

h̄

)
d
dr

+2

−
√

−2µEn′,ℓ(ℓ+1)
h̄ + µZe2

h̄2

r


𭟋n′,ℓ (r) = 0.

(3.92)Using the change of variables
κ = 2

√
−2µEn′,ℓ

h̄
and ρ = κr, (3.93)

equation (3.92) reduces to[
ρ

d2

d ρ2 +(2(ℓ+1)−ρ)
d

d ρ
+

(
2µZe2

κ h̄2 − (ℓ+1)
)]

𭟋n′,ℓ (r) = 0, (3.94)
which admits solution in terms of the associated Laguerre polynomials

𭟋n′,ℓ (r) = L2ℓ+1
n+ℓ

(
2

√
−2µEn′,ℓ

h̄
r

)
, (3.95)

with
n′+(ℓ+1) = n =

2µZe2

κ h̄2 . (3.96)
With the help of the latter notation, n = n′ + ℓ+ 1 where n is called the princi-pal quantum number and n′ is the radial quantum number, we obtain the energyeigenvalue function in the form of

En,ℓ =−µZ2e4

2h̄2n2
, for n = 1,2,3, · · · . (3.97)

For a specific n value, the quantum number ℓ is restricted to a range of values from
0 to n−1, and for each ℓ, the quantum number m takes the following values (2ℓ+1),where −ℓ≤ m ≤ ℓ. We observe that the degeneracy of state n , is given by the totalnumber of different states associated with n, which is then

gn =
n−1

∑
ℓ=0

(2ℓ+1) = n2. (3.98)
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3.7 The Hydrogen Atom

Essentially, the hydrogen atom is the simplest and most fundamental atom in theuniverse. It consists of two main components: proton and electron. In this case,the potential is not spherically symmetric, however, it depends upon the distancebetween the proton and the electron.In non-relativistic quantum mechanics, we represent the Schrödinger equationfor hydrogen atom as follows:[
− h̄2

2µp
∆p −

h̄2

2µe
∆e +V

(∣∣re − rp
∣∣)]ψ (re,rp) = Eψ (re,rp) . (3.99)

Here, the subscripts "p" and "e" denote the proton and electron, respectively, and
V
(∣∣re − rp

∣∣) corresponds to the Coulomb potential that depends only on the distancebetween the electron and the proton.As done in standard textbooks, we introduce the relative coordinate "r" and thecenter of mass coordinate "R",
R =

µere +µprp

µe +µp
; r = re − rp, (3.100)

Using the new variables in equation (3.99), we obtain[
− h̄2

2M
∆R −

h̄2

2µ
∆r +V (r)

]
ψ (R,r) = Eψ (R,r) . (3.101)

where
µ = µe +µp and M =

µeµp

µe +µp
. (3.102)

Now, let us seek the solution in the following form
ψ (R,r) = Φ(R)Ψ(r) and E = ER +Er. (3.103)

After we employ equation (3.103) in equation (3.101) and divide both sides with
Φ(R)Ψ(r), we obtain the following set of equations:

− h̄2

2M
∆RΦ(R) = ERΦ(R) , (3.104)
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[
− h̄2

2µ
∆r +V (r)

]
Ψ(r) = ErΨ(r) . (3.105)

Here, Ψ(r) describes the motion of a particle influenced by the Coulomb potential"V (r)", while Φ(R) dictates the motion of a free particle with the center of masssystem. The solution of equation (3.104) has the form
Φ(R) =

ei
−→
k ·−→R

(2π)
, (3.106)

where −→
k is the wave vector associated with the center of mass. The center of massenergy, ER = h̄2k2

2M is a constant and does not introduce a physical meaning.On the other hand, equation (3.105) is the Schrödinger equation of the massiveparticle of µ that moves in a Coulomb potential which has the following solutionalready derived in the previous subsection
Ψn,ℓ,m (r) =−

(
2µe2

nh̄2

)3/2
√

(n− ℓ−1)!

2n [(n+ ℓ)!]3

(
2µe2r

nh̄2

)ℓ

e−
µe2r
nh̄2 L2ℓ+1

n+ℓ

(
2µe2r

nh̄2

)
Yℓ,m (θ ,ϕ) .(3.107)with

Er,n,ℓ =− µe4

2h̄2n2
, for n = 1,2,3, ... (3.108)

In table 3.2, we provide the first few wave functions Ψn,ℓ,m (r) associated with theparticular set of quantum numbers (n, ℓ,m). In conclusion, the hydrogen atom’s
n ℓ m wave function1 0 0 1√

π
a−3/2e−r/a2 0 0 1

4
√

2π
a−3/2 (2− r

a

)
e−r/2a1 0 1

4
√

2π
a−3/2 r

a cosθe−r/2a1 1
4
√

2π
a−3/2 r

a sinθeiϕe−r/2a-1 1
4
√

2π
a−3/2 r

a sinθe−iϕe−r/2a

Table 3.2: The first few wave functions Ψn,ℓ,m (r) of the hydrogen atom (where a = nh̄2

µe2 ).

bound states can be represented by using three subscripts, which correspond tothe values of n, ℓ and m. Alternatively, in chemistry, the value of ℓ is denoted withthe following letter formalism.In fact, the letters s, p,d, and f have their origins in spectroscopy, and they
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Letter s p d f g ...
ℓ 0 1 2 3 4 ...

represent the terms sharp, principal, diffuse, and fundamental. Consequently, theground-state wave function Ψ1,0,0 (r) is referred to as Ψ1s (r) or, more straightfor-wardly, as 1s.
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3.8 Exercises

Exercise 1

An electron is confined to the interior of a hollow spherical cavity of radius R withimpenetrable walls. Determine the expression for the pressure exerted on the wallsof the cavity by the electron in its ground state.
Solution

For the ground state, ℓ= 0 , and if we set the radial wave function as U (r) = 1
r χ (r),then χ (r) is given by [

d2

dr2 +
2µE
h̄2

]
χ (r) = 0 for r < R,

χ (r) = 0 for r ≥ R.

The solutions of the Schrödinger equation is
χ (r) = Aeikr +Be−ikr; with k =

√
2µE
h̄2 .

The continuity conditions of the wave function at r = 0 yield
χ (0) = χ (R) = 0,

=⇒ A =−B =⇒ χ (r) =C sin(kr) .

the condition χ (0) = 0, gives
A =−B =⇒ χ (r) =C sin(kr) ,

while χ (R) = 0, gives
kn =

nπ

R
; n = 1,2,3, ..,

for which
En =

h̄2n2π2

2µR2 .
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The average force F acting radially on the walls by the electron is given by
F =− ∂

∂R
En.

As the electron is in the ground state, n = 1 and
F =

π2

R3µ
h̄2.

The pressure exerted on the walls is
p =

F
4πR2 =

π h̄2

4µR5 .

Exercise 2

A particle of mass m is constrained to move between two concentric impermeablespheres of radius r = a and r = b. Find the ground state energy and normalizedwave function.
Solution

For the ground state, the radial wave function of the particle U (r) = 1
r χ (r) satisfiesthe equation [

d2

dr2 +
2µE
h̄2

]
χ (r) = 0 for a ≤ r ≤ b,

the wave function of the particle must be zero outside the boundary. The solutionsare
χ (a) = Aeikr +Be−ikr.

The wave function vanishes at r = a and r = b,1: at r = a

χ (a) = Aeika +Be−ika = 0 → B =−Ae2ika,

χ (r) =C sin [k (r−a)] .

2: at r = b

χ (b) =C sin [k (b−a)] = 0 =⇒ kn (b−a) = nπ.
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For the particle in the ground state, i.e., n = 1, we obtain the energy
E =

h̄2
π2

2µ (b−a)2 .

From the normalization condition∫ b

a
|χ (r)|2 dr = |C|2

∫ b

a
sin2 [kn (r−a)] = 1.

After some algebra we find
C =

√
2

b−a
.

Exercise 3

a: The actions of the operators p̂r and r̂ on a radial wave function φ (r) are givenby
p̂rφ (r) =

h̄
i

1
r

∂

∂ r
rφ (r) ,

r̂φ (r) = rφ (r) .

a: Find the commutator [p̂r, r̂], and ∆pr∆r.

b: Show that p̂2
r =− h̄2

r
∂ 2

∂ r2 r

Solution

a: We have r̂φ (r) = rφ (r) and
[p̂r, r̂]φ (r) =

[
h̄
i

1
r

∂

∂ r
r, r̂
]

φ (r) ,

=
h̄
i

1
r

∂

∂ r
r2

φ (r)− h̄
i

∂

∂ r
rφ (r)

=
h̄
i
φ (r) .

Using the uncertainty relation for a pair of operators A and B and ∆A∆B ≥
1
2 ⟨[A,B]⟩ , we write

∆pr∆r ≥ 1
2
⟨[p̂r, r̂]⟩ ≥

h̄
2
.
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b: p̂2
r :

p̂2
r φ (r) = p̂r p̂rφ (r) =−h̄2 1

r
∂ 2

∂ r2 rφ (r) .

Exercise 4

For n = 1, ℓ = 0,m = 0 and n = 2, ℓ = 1,m = 0, determine the radius r at which theradial probability density of the hydrogen atom achieves its maximum value.
Solution

1: For n = 1, ℓ = 0 the radial wave function is R10 (r) = 2
a3/2

0

e−
r

a0 . The probabilitydensity is given by
P10 = r2 |R10 (r)|2 =

4r2

a3
0

e−
2r
a0 ,

The maximum point rmax :
∂

∂ r
P10 =

8r
a3

0

(
1− r

a0

)
e−

2r
a0 = 0 =⇒ rmax = a0.

2: For n = 2, ℓ = 1,m = 0 the the radial wave function is R21 (r) = r
2
√

6a5/2
0

e−
r

2a0 . Theprobability density is given by
P21 = r2 |R21 (r)|2 =

1
24a5

0
r4e−

r
a0 ,

The maximum point rmax :
∂

∂ r
P21 =

r3

24a5
0

(
4− r

a0

)
e−

r
a0 = 0 =⇒ rmax = 4a0.



Chapter 4

Approximation Methods

4.1 Time-independent Perturbation Theory

4.1.1 Statement of the problem

A quantum system with the time-independent Hamiltonian H0 is classified as anexactly solvable system if its energy eigenvalues and corresponding eigenstatescan be determined analytically. However, there are many problems for which itbecomes impossible to solve the Schrödinger equation directly. In such cases, it isnecessary to use approximate methods to estimate the solutions.
4.1.2 The Method

Let us express the Hamiltonian of a given system in the following manner:
H = H0 +W, (4.1)

where H0 represents the unperturbed Hamiltonian, which we know the exact energylevels and corresponding eigenstates, and W denotes the perturbing Hamiltonian.Let us show the known exact solution with
H0

∣∣∣φ (0)
n

〉
= E(0)

n

∣∣∣φ (0)
n

〉
, (4.2)

where E(0)
n corresponds to the unperturbed energies and is assumed to form adiscrete spectrum. Here, ∣∣∣φ (0)

n

〉 are the unperturbed states associated with these
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energy eigenvalues. It is worth emphasizing that the set of vectors ∣∣∣φ (0)
k

〉 form acomplete and orthonormal basis:〈
φ
(0)
k′

∣∣∣φ (0)
k

〉
= δk,k′, (4.3)

∑
k

∣∣∣φ (0)
k

〉〈
φ
(0)
k

∣∣∣ = 1. (4.4)
Now, we intend to find the energy levels and eigenstates of the full Hamiltonoperator.

H |Ψn⟩= (H0 +W ) |Ψn⟩= En |Ψn⟩ . (4.5)
For the perturbation, we assume

W = λV, where λ << 1 and λ ∈ R. (4.6)
Since eigenvectors may or may not be degenerate, we have to examine the formalismin two different scenarios each of which requires a unique approach.
4.1.3 Non-degenerate case

In the perturbation theory the energy, En, and the eigenvectors, |Ψn⟩, rely on theperturbation parameter, λ , which can be expanded in powers of the perturbationparameter in the following manner:
En = E(0)

n +λE(1)
n +λ

2E(2)
n + · · ·+λ

kE(k)
n + · · · , (4.7)

|Ψn⟩ =
∣∣∣φ (0)

n

〉
+λ

∣∣∣φ (1)
n

〉
+λ

2
∣∣∣φ (2)

n

〉
+ · · ·+λ

k
∣∣∣φ (k)

n

〉
+ · · · . (4.8)

By substituting these expansions into the eigenvalue equation of H , we get
(H0 +λV ) |Ψn⟩ = (H0 +λV )

(∣∣∣φ (0)
n

〉
+λ

∣∣∣φ (1)
n

〉
+ ...+λ

k
∣∣∣φ (k)

n

〉
+ ...

)
,

=
(

E(0)
n +λE(1)

n + ...
)(∣∣φ 0

n
〉
+λ

∣∣φ 1
n
〉
+ ...+λ

k
∣∣∣φ (k)

n

〉
+ ...

)
.(4.9)

It is worth noting that for λ = 0 equation (4.9) reduces to the unperturbed eigenvalueproblem stated in equation (4.2). Since λ is an arbitrarily small parameter, it’snecessary to match the coefficients of successive powers of λ on both sides of theequation (4.9).
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• Zeroth term:
H0

∣∣∣φ (0)
n

〉
= E(0)

n

∣∣∣φ (0)
n

〉
. (4.10)

• First order correction:
H0

∣∣∣φ (1)
n

〉
+V

∣∣∣φ (0)
n

〉
= E(0)

n

∣∣∣φ (1)
n

〉
+E(1)

n

∣∣∣φ (0)
n

〉
. (4.11)

• Second order correction:
H0

∣∣∣φ (2)
n

〉
+V

∣∣∣φ (1)
n

〉
= E(0)

n

∣∣∣φ (2)
n

〉
+E(1)

n

∣∣∣φ (1)
n

〉
+E(2)

n

∣∣∣φ (0)
n

〉
. (4.12)

Zeroth-order correction

The zeroth-order correction term in λ is already verified by the initial assumption.
First-order correction

First, we multiply equation (4.11) with 〈φ
(0)
n

∣∣∣ from the left side
〈

φ
(0)
n

∣∣∣H0

∣∣∣φ (1)
n

〉
+
〈

φ
(0)
n

∣∣∣V ∣∣∣φ (0)
n

〉
= E(0)

n

〈
φ
(0)
n

∣∣∣φ (1)
n

〉
+E(1)

n

〈
φ
(0)
n

∣∣∣φ (0)
n

〉
. (4.13)

Since H0 is Hermitian, the first term on the left side cancels with the first termon the right side. Therefore, we get the first-order perturbed energy eigenvaluecorrection as follows:
E(1)

n =
〈

φ
(0)
n

∣∣∣V ∣∣∣φ (0)
n

〉
. (4.14)

Thus, we can express the eigenvalue En of the Hamiltonian H , associated with E(0)
n ,up to the first order perturbation with

En = E(0)
n +λ

〈
φ
(0)
n

∣∣∣V ∣∣∣φ (0)
n

〉
. (4.15)

Now, let us determine ∣∣∣φ (1)
n

〉. To this end, we multiply equation (4.11) with 〈φ
(0)
k

∣∣∣where k ̸= n. We get〈
φ
(0)
k

∣∣∣(H0 −E0
n
)∣∣∣φ (1)

n

〉
+
〈

φ
(0)
k

∣∣∣(V −E(1)
n

)∣∣∣φ (0)
n

〉
= 0. (4.16)
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By using the zeroth-order equation, we obtain
(
E0

k −E0
n
)〈

φ
(0)
k

∣∣∣φ (1)
n

〉
+
〈

φ
(0)
k

∣∣∣V ∣∣∣φ (0)
n

〉
= 0. (4.17)

Therefore, we can write
〈

φ
(0)
k

∣∣∣φ (1)
n

〉
=

〈
φ
(0)
k

∣∣∣V ∣∣∣φ (0)
n

〉
E0

n −E0
k

, with k ̸= n. (4.18)
By multiplying equation (4.18) with ∣∣∣φ (0)

k

〉, we find
∣∣∣φ (1)

n

〉
= ∑

k ̸=n

〈
φ
(0)
k

∣∣∣V ∣∣∣φ (0)
n

〉
E0

n −E0
k

∣∣∣φ (0)
k

〉
. (4.19)

After we substitute equation (4.19) into equation (4.8), we can express the eigen-function |Ψn⟩ of H to first order in λ as follows:
|Ψn⟩=

∣∣∣φ (0)
n

〉
+λ ∑

k ̸=n

〈
φ
(0)
k

∣∣∣V ∣∣∣φ (0)
n

〉
E(0)

n −E(0)
k

∣∣∣φ (0)
k

〉
. (4.20)

Second order correction

To obtain the second order correction of the energy eigenvalue function, we multiplyequation (4.12) with 〈φ
(0)
n

∣∣∣ from the left. Then, taking into account the orthonor-mality condition, we find
E(2)

n =
〈

φ
(0)
n

∣∣∣V ∣∣∣φ (1)
n

〉
. (4.21)

We employ equation (4.19) in equation (4.21) and get
E(2)

n = ∑
k ̸=n

〈
φ
(0)
k

∣∣∣V ∣∣∣φ (0)
n

〉〈
φ
(0)
n

∣∣∣V ∣∣∣φ (0)
k

〉
E(0)

n −E(0)
k

,

= ∑
k ̸=n

∣∣∣〈φ
(0)
k

∣∣∣V ∣∣∣φ (0)
n

〉∣∣∣2
E(0)

n −E(0)
k

, (4.22)
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To express the final form. we substitute equations (4.14) and (4.22) in equation(4.11).Then, the eigenvalue function, En, up to the second-order of the perturbation reads:
En = E(0)

n +λ

〈
φ
(0)
n

∣∣∣V ∣∣∣φ (0)
n

〉
+λ

2
∑
k ̸=n

∣∣∣〈φ
(0)
k

∣∣∣V ∣∣∣φ (0)
n

〉∣∣∣2
E(0)

n −E(0)
k

. (4.23)
Similarly, one can systematically obtain all orders of corrections of energy eigen-value and eigenfunctions.
4.1.4 Degenerate case

Now, let us employ the perturbation theory to derive a system’s energy spectrumand eigenstates whose unperturbed Hamiltonian H0 is degenerate. First, we con-sider a scenario where there exist two original states, ∣∣∣φ (0)
n,1

〉 and ∣∣∣φ (0)
n,2

〉, that sharethe same unperturbed energy
H0

∣∣∣φ (0)
n,i

〉
= E(0)

n

∣∣∣φ (0)
n,i

〉 for i = 1,2. (4.24)
Here, we assume that 〈

φ
(0)
n,i

∣∣∣φ (0)
n, j

〉
= δi, j. (4.25)

Because of the degeneracy, any linear combination of ∣∣∣φ (0)
n,1

〉 and ∣∣∣φ (0)
n,2

〉 would alsoserve as an eigenstate of the Hamiltonian, H0, with the energy E(0)
n∣∣∣φ (0)

n

〉
= α1

∣∣∣φ (0)
n,1

〉
+α2

∣∣∣φ (0)
n,2

〉
. (4.26)

Here, α1 and α2 are constants. Substituting equation (4.26) into equation (4.11),we have(
H0 −E(0)

n

)
∑
k

ck

∣∣∣φ (0)
k

〉
+
(

V −E(1)
n

)(
α1

∣∣∣φ (0)
n,1

〉
+α2

∣∣∣φ (0)
n,2

〉)
= 0, (4.27)

where ∣∣∣φ (1)
n

〉
= ∑

k
ck

∣∣∣φ (0)
k

〉
.
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Then, we multiply equation (4.27) on the left with the state 〈φ
(0)
n,i

∣∣∣. We get
 α1

(
V11 −E(1)

n

)
+α2V12 = 0

α1V21 +α2

(
V22 −E(1)

n

)
= 0

, (4.28)
where

Vi j =
〈

φ
(0)
n,i

∣∣∣V ∣∣∣φ (0)
n, j

〉
. (4.29)

This is a system of two homogeneous linear equations for the coefficients αi (i= 1,2),which are non-zero only when the determinant ∣∣∣Vi j −E(1)
n δi j

∣∣∣ equals zero
∣∣∣∣∣ V11 −E(1)

n V12

V21 V22 −E(1)
n

∣∣∣∣∣ = 0. (4.30)
This expression sets a constraint as

E(1)
n

2
− (V11 +V22)E(1)

n +V11V22 −|V12|2 = 0. (4.31)
This second-order equation has two possible solutions E(1),+

n = V11+V22
2 + 1

2

√
(V11 −V22)

2 +4 |V12|2

E(1),−
n = V11+V22

2 − 1
2

√
(V11 −V22)

2 +4 |V12|2
. (4.32)

Generalization Here, we examined two-fold degeneracy, however, in general, itcan be gn-fold. Therefore, we better derive a more general expression. Let usconsider the case
H0

∣∣∣φ (0)
n,i

〉
= E(0)

n

∣∣∣φ (0)
n,i

〉 with i = 1,2, ...gn, (4.33)
and assume that ∣∣φ 0

n
〉
=

gn

∑
i=1

αi

∣∣∣φ (0)
n,i

〉
. (4.34)

Substitution of this in equation (4.11) gives us
(

H0 −E(0)
n

)
∑
k

ck

∣∣∣φ (0)
k

〉
+
(

V −E(1)
n

) gn

∑
i=1

αi

∣∣∣φ (0)
n,i

〉
= 0. (4.35)
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Then, we multiply it with 〈φ
(0)
n, j

∣∣∣ , from the left. We get
gn

∑
i=1

(
Vi, j −E(1)

n δi j

)
αi = 0, (4.36)

which represents a system of gn simultaneous linear equations in the coefficients
αi. A non-trivial solution for this set of equations exists if and only if the followingdeterminant equals zero∣∣∣∣∣∣∣∣∣∣∣∣∣

V1,1 −E(1)
n V1,2 . . V1,gn

. V2,2 −E(1)
n . . .

. . . . .

. . . . .

V1,gn . . . Vgn,gn −E(1)
n

∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0. (4.37)

Please note that the solution of this equation produces correction on the energyeigenvalue function only according to the first-order perturbation.
4.1.5 Example: Spin-Orbit Coupling

The spin-orbit interaction in the hydrogen atom originates from the interactionbetween the spin magnetic moment, −→
µ = − eŜ

mec , of the electron and the orbitalmagnetic field, −→B , generated by the proton. In this case, the Hamiltonian of thesystem can be divided into two components,
H = H0 +W, (4.38)

where
H0 =

−→p 2

2m
− e2

r
, (4.39)

is the unperturbed Hamiltonian, and the perturbed Hamiltonian is given by
W =

1
2mec

1
r

d
dr

V (r) L̂ · Ŝ =
e2

2mec
1
r3 L̂ · Ŝ, (4.40)

Here me is the electron mass, and c is the speed of light. To incorporate theelectron’s spin in the context of the hydrogen atom, we can construct the totalwave function of hydrogen by combining the spatial and spin components. In fact,
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we can use either
• the joint eigenstates |n, ℓ,s,mℓ,ms⟩ of L̂2, Ŝ2

, L̂z, Ŝz,
or
• the joint eigenstates |n, ℓ,s,J,M⟩ of L̂2, Ŝ2

, Ĵ2, Ĵz

We choose the second option and express the eigenvalue of the Hamiltonian tothe first-order perturbation as
En = E(0)

n + ⟨n, ℓ,s,J,M|W |n, ℓ,s,J,M⟩ , (4.41)
where

E(0)
n =

−13.6
n2 eV,

are the energy levels of hydrogen. Now, let us introduce the total angular momen-tum
L̂ · Ŝ =

Ĵ2 − L̂2 − Ŝ2

2
. (4.42)

By substituting equation (4.42) in equation (4.41), we obtain
En = E(0)

n +
e2

2mec
⟨n, ℓ,s,J,M| 1

r3
Ĵ2 − L̂2 − Ŝ2

2
|n, ℓ,s,J,M⟩ ,

= E(0)
n +

h̄2e2 [J (J+1)− ℓ(ℓ+1)− 3
4

]
4mec

⟨n, ℓ| 1
r3 |n, ℓ⟩ . (4.43)

For 〈 1
r3

〉
, we have (see N. Zettili p.389).

⟨n, ℓ| 1
r3 |n, ℓ⟩=

2mee2

n3ℓ(ℓ+1)(2ℓ+1) h̄2 . (4.44)
Therefore, the Spin-orbit energy shift reads:

⟨n, ℓ,s,J,M|W |n, ℓ,s,J,M⟩= e4

2c
J (J+1)− ℓ(ℓ+1)− 3

4
n3ℓ(ℓ+1)(2ℓ+1)

. (4.45)
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4.2 Variational Method

4.2.1 A property of the ground state energy of the system

Let us consider a one-dimensional quantum system characterized by a time-independent Hamiltonian, H , in which we know the exact non-degenerate boundstate energy levels and their corresponding eigenstates,
H |φn⟩= En |φn⟩ ; ⟨φm |φn⟩= δnm. (4.46)

with the condition
E0 < E1 < E2, ... (4.47)

For any given ket, |Φ⟩, it is possible to compute energy expectation values,
⟨E (Φ)⟩= ⟨Φ|H |Φ⟩

⟨Φ |Φ⟩ . (4.48)
Now, let us expand the kets in terms of the exact eigenket of the Hamiltonian

|Φ⟩= ∑
n=0

an |φn⟩ , (4.49)
where an = ⟨φn |Φ⟩. After substituting |Φ⟩ with ∑

n=0
⟨φn |Φ⟩ |φn⟩, we obtain

⟨Φ |Φ⟩= ∑
m=0

∑
n=0

a∗man ⟨φm |φn⟩= ∑
m=0

∑
n=0

a∗mnδnm = ∑
n=0

|an|2 , (4.50)
and

⟨Φ|H |Φ⟩= ∑
m=0

∑
n=0

a∗man ⟨φm|H |φn⟩= ∑
n=0

En |an|2 ≥ ∑
n=0

E0 |an|2 , (4.51)
which turns equation(4.48) to

⟨E (Φ)⟩= ⟨Φ|H |Φ⟩
⟨Φ |Φ⟩ ≥ E0. (4.52)

This is quite a significant result since it implies that the average energy value isalways greater than or equal to the energy of the ground state.
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4.2.2 Ritz’s Theorem
Theorem 3 When the ket |Φ⟩ is varied |Φ+δΦ⟩ , then the average value of the
Hamiltonian ⟨E (Φ)⟩ is stationary when |Φ⟩ is close to an eigenvector of the Hamil-
tonian |Φ⟩ ∼ |φn⟩.

Proof:

According to equation (4.48), we can write
⟨E⟩⟨Φ |Φ⟩= ⟨Φ|H |Φ⟩ . (4.53)

Now, let us vary |Φ⟩ infinitesimally
|Φ⟩ → |Φ⟩+ |δΦ⟩ . (4.54)

Then, we consider the variation of the equation (4.53)
δ (⟨Φ |Φ⟩⟨E⟩) = ⟨δΦ |Φ⟩⟨E⟩+ ⟨Φ |δΦ⟩⟨E⟩+ ⟨Φ |Φ⟩δ ⟨E⟩ , (4.55)

with
δ ⟨Φ|H |Φ⟩= ⟨δΦ|H |Φ⟩+ ⟨Φ|H |δΦ⟩ . (4.56)

After we compare equations (4.55) and (4.56), we get
⟨Φ |Φ⟩δ ⟨E⟩= ⟨δΦ|(H −⟨E⟩) |Φ⟩+ ⟨Φ|(H −⟨E⟩) |δΦ⟩ . (4.57)

⟨E⟩ is stationary if δ ⟨E⟩= 0. Hence,
⟨δΦ| [H −⟨E⟩] |Φ⟩+ ⟨Φ| [H −⟨E⟩] |δΦ⟩= 0. (4.58)

Now, let us introduce the ket |𭟋⟩, that is defined by
[H −⟨E⟩] |Φ⟩= |𭟋⟩ . (4.59)

Then, equation (4.58) reads:
⟨δΦ |𭟋⟩+ ⟨𭟋 |δΦ⟩= 0. (4.60)
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The latter equation has to be true for any infinitesimal ket, |δΦ⟩. In particular, ifwe consider
|δΦ⟩= δλ |𭟋⟩ , where δλ << 1 and real, (4.61)

then equation (4.60) transforms into
2δλ ⟨𭟋 |𭟋⟩= 0 =⇒ ⟨𭟋 |𭟋⟩= 0 =⇒ |𭟋⟩= 0. (4.62)

Taken into account the definition of equation (4.59), we conclude that
H |Φ⟩= ⟨E⟩ |Φ⟩ . (4.63)

This result shows that |Φ⟩ must be an eigenstate of H for its expectation value to bestationary. Moreover, this establishes that the expectation value of the Hamiltonianremains stationary in the vicinity of its eigenstates.
4.2.3 Variational Technique

The Ritz method consists of:
• We select a trial function |χ (λ )⟩ that takes into account all the physicalcharacteristics of the ground state.
• Then, we calculate the energy’s expectation value,

E0 (λ ) =
⟨χ (λ )|H |χ (λ )⟩
⟨χ (λ ) |χ (λ )⟩

. (4.64)
• After that, we minimize the expectation value by finding the root λ0 of

∂

∂λ
E0 (λ )

∣∣∣∣
λ=λ0

= 0. (4.65)
• Finally, we substitute the root value, λ0, into equation (4.64) to derive anestimated energy value. The resultant value, E0 (λ0), provides an upper boundfor the exact ground state energy E0. Consequently, The reel ground stateeigenstate |φ0⟩ is approximated by the state |χ (λ0)⟩ .
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It is worth noting that this procedure can be readily extended to scenarios in-volving multiple parameters λi (i = 1,2, ..), for which we find the roots of ∂

∂λi
E0 (λi).In addition, a critical point of the E0 (λ ) might not always correspond to a mini-mum. The nature of these critical points can be partly categorized by the secondderivative∂ 2E0(λ )

∂λi∂λ j
, computed at the critical point.

4.2.4 Example: Helium Atom

Let us examine the Helium atom "He" as an example where its Hamilton operatorreads:
H =

p2
1

2m
+

p2
2

2m
− 2e2

r1
− 2e2

r2
+

2e2

|−→r 1 −−→r 2|
. (4.66)

We introduce the trial function
ψ (r1,r2) = Φ0 (r1)Φ0 (r2) , (4.67)

with an adjustable scale parameter α as
ψ (r1,r2) =

(
1

πα3

)
e−

(r1+r2)
α , α > 0. (4.68)

At first, we have to calculate
⟨ψ (α) |ψ (α)⟩ =

∫
d−→r1 Φ

∗
0 (r1)Φ0 (r1)

∫
d−→r2 Φ

∗
0 (r2)Φ0 (r2) ,

= 16π
2
(

1
πα3

)∫ +∞

0
r2

1e−
2r1
α dr1

∫ +∞

0
r2

2e−
2r2
α dr2. (4.69)

Here, we use the basic integral
∫ +∞

0
xne−axdx =

n!
an+1 , (4.70)

and thus, we obtain
⟨ψ (α) |ψ (α)⟩= 1. (4.71)
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Next, we calculate ⟨ψ (α)|H |ψ (α)⟩, which has to be evaluated in three differentterms. The first integral is with the kinetic terms
⟨ψ (α)| p2

i

2m
|ψ (α)⟩ =

−h̄2

2m

(
1

πα3

)2

16π
2
∫ +∞

0
r2

i e−
ri
α

(
d2

dr2
i
+

2
ri

d
dri

)
e−

ri
α dri

∫ +∞

0
r2

j e
−

2r j
α dr j

=
−h̄2

2m

(
1

πα3

)2

16π
2
∫ +∞

0
r2

i

(
1

α2 −
2

αri

)
e−

2ri
α dri

∫ +∞

0
r2

j e
−

2r j
α dr j

=
h̄2

2mα2 , (4.72)
where the second one is with the interactions of proton and electrons

⟨ψ (α)| 1
ri
|ψ (α)⟩ =

(
1

πα3

)2

16π
2
∫ +∞

0
rie−

2ri
α dri

∫ +∞

0
r2

j e
−

2r j
α dr j

=
1
α
, (4.73)

and the third one is with the interactions of electrons
⟨ψ (α)| 1

|−→r 1 −−→r 2|
|ψ (α)⟩=

(
1

πα3

)2 ∫ e−
2(r1+r2)

α

|−→r 1 −−→r 2|
d−→r 1d−→r 2. (4.74)

Here, we can apply the Fourier transform
1

|−→r 1 −−→r 2|
=

1

(2π)3

∫ 4π

k2 ei
−→
k (−→r 1−−→r 2)d

−→
k , (4.75)

which allows us to evaluate it as
⟨ψ (α)| 1

|−→r 1 −−→r 2|
|ψ (α)⟩ =

1
πα3

1

(2π)3

∫ ∫ 4π

k2 ei
−→
k (−→r 1−−→r 2)−

2(r1+r2)
α d

−→
k d−→r 1d−→r 2,

=

(
1

πα3

)2 1

(2π)3

∫ 4π

k2 d
−→
k
∣∣∣∣∫ ei

−→
k −→r 1−

2r1
α d−→r 1

∣∣∣∣2 ,
=

(
1

πα3

)2 1

(2π)3

(
16π

a

)2 ∫ 4π

k2
d
−→
k[

k2 +
( 2

α

)2
]4 ,

=
5

8a
. (4.76)
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After summing up these three results, we obtain the expectation value
E0 (α) = ⟨ψ (α)|H |ψ (α)⟩= h̄2

mα2 −
27e2

8α
. (4.77)

that has a minimum value
∂

∂α
E0 (α) =− 2h̄2

mα3 +
27

8α2 e2 = 0, (4.78)
at

αmin =
16h̄2

27me2 . (4.79)
For this value of the parameter, the Hamiltonian’s expectation value yields

E0 (αmin) = 2
(

27
16

)2

EH , (4.80)
where

EH =−me4

2h̄2 , (4.81)
is the ground state energy of the Hydrogen atom.
4.3 WKB method

4.3.1 General formalism

The Wentzel-Kramers-Brillouin (WKB) formalism, published almost simultaneouslywith the publication of the Schrödinger equation in 1926, is a semiclassical tech-nique of quantum mechanics, where the wave function is approximated as an expo-nential function having slowly changing amplitude and phase in comparison to thede-Broglie wavelength λ .Precisely, in this approximation, we investigate the particle’s motion in onedimension with a time-independent potential V (x).[
d2

dx2 +
2m
h̄2 (E −V (x))

]
ψ = 0. (4.82)

In a specific scenario, where the potential is just a constant V (x) =V0, wave function
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the solutions arise in the form of plane waves,
ψ = Ae±

i
h̄ px. (4.83)

Here, A is a constant and λ is the de-Broglie wavelength of the particle via λ = h
pand p =

√
2m(E −V0).If the potential energy varies very slowly via the location, then the solution ofthe Schrödinger equation can be considered as

ψ(x) = A(x)e
i
h̄ S(x). (4.84)

where S (x) an unknown complex function. Then, by substituting equation (4.84) intoequation (4.82), we get
A”− 1

h̄2

(
S′
)2 A+

2m
h̄2 (E −V (x))A = 0, (4.85)

2S′A′+S”A = 0, (4.86)
which can be reduced to

(
S′
)2

= h̄2 A”
A

+2m(E −V (x)) , (4.87)
(
S′A2)′ = 0. (4.88)

The integration of equation (4.88) yields:
A =

C√
S
, (4.89)

where C is the integration constant. By substituting equation (4.89) into equation(4.87), we obtain:
(
S′
)2

=
h̄2

2

[
3
2

(
S”
S′

)2

− S(3)

S′

]
+2m(E −V (x)) . (4.90)

If we expand S (x) in a power series in h̄, i.e.,
S (x) = S0 + h̄S1 + h̄2S2 + .... (4.91)
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then we get (
S′0
)2

= 2m(E −V (x)) . (4.92)
after using the expansion in equation (4.89) and retaining only the zeroth orderterms. Now, we can consider the integration in equation (4.92)

S0 (x) =±
∫ x√

2m(E −V (u))du. (4.93)
Here, we have to deal with two cases, E >V (x) and E <V (x) cases, respectively.To this end, let us define p(x) in the following form for each cases:

p(x) =
√

2m(E −V (x)), if E >V (x) , (4.94)
p̃(x) =

√
2m(V (x)−E), if E <V (x) . (4.95)

In the allowed region, where E > V (x), the general solution takes the form of acombination of two fundamental solutions with waves propagating in opposite di-rections:
ψWKB =

A√
|p(x)|

e
i
h̄
∫ x p(u)du +

B√
|p(x)|

e−
i
h̄
∫ x p(u)du. (4.96)

On the other hand, in the forbidden region, where V (x) > E, the wave functionsfade according to
ψWKB =

Ã√
|p̃(x)|

e
1
h̄
∫ x p̃(u)du +

B̃√
|p̃(x)|

e−
1
h̄
∫ x p̃(u)du. (4.97)

4.3.2 Criterion for the validity of the approximation

The approximation leading to the wave function given in equation (4.96) is validwhen the following condition is satisfied,∣∣∣∣∣ h̄S0”(
S′0
)2

∣∣∣∣∣<< 1, (4.98)
which can be written as ∣∣∣∣∣d

(
h̄/S′0

)
dx

∣∣∣∣∣<< 1. (4.99)
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Since S′0 (x) =±p(x), we can simplify the equation (4.99) to
1

2π

∣∣∣∣dλ

dx

∣∣∣∣<< 1, (4.100)
where

λ =
h̄

p(x)
, (4.101)

This condition implies that de-Broglie wavelength has to alter slightly. Therefore,it is clear that this approach is not valid at the classical turning points, E =V
(
x j
)

where p(x) = 0. Classically, the particle stops at the turning points and subse-quently reverses its direction. When the magnitude of p(x) becomes small, thenthe wavelength as given in equation (4.101) becomes large, and hence, the require-ment is violated. As a summary, the WKB formalism is valid in both the permittedand forbidden regions, but not at the classical turning points.
4.3.3 Bound State

Let us consider a potential well that does not have rigid walls, as shown in figure(4.1).

Figure 4.1: Potential with no rigid walls.
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In the three regions, the wave function can be written as follows:
ψ1 =

C1√
p̃(x)

e
−1
h̄
∫ x1

x p̃(x)dx, x < x1. (4.102)
ψ2 =

C′
1√

p(x)
e

i
h̄
∫

p(x)dx +
C′′

2√
p(x)

e−
i
h̄
∫

p(x)dx, x1 < x < x2. (4.103)
ψ3 =

C3√
p̃(x)

e
1
h̄
∫ x2

x p̃(x)dx, x > x2 (4.104)
Now, let us emphasize several points:

• The WKB method is applicable except at the classical turning points x = x1and x = x2.
• The wave function must decay exponentially in the first and third regions as

x →±∞.
• The wave function must oscillate in the second region.

Connection of ψ2 to ψ3The wave function can be re-written as
ψ2 =

D√
p(x)

sin
(

1
h̄

∫ x2

x
p(u)du+δ

′
)
. (4.105)

Near the turning point x = x2, we Taylor expand V (x) to first order
V (x) = E +(x− x2)F0, where F0 =

d
dx

V (x)
∣∣∣∣
x=x2

(4.106)
and then we substitute equation (4.106) into equation (4.82). We obtain[

d2

dy2 − y
]

ψ = 0. (4.107)
where y=

(
2m
h̄2 F0

)1/3
(x− x2) . The exact solution of the above equation can expressedin terms of Airy functions, Ai(y):

ψ = A′Ai(y) . (4.108)
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Here, we have to recall the asymptotic forms of the Airy functions for large positiveand negative values:  Ai ≃
sin
[

2
3 (−y)3/2+ π

4

]
√
−π(−y)1/4 , y << 0

Ai ≃ e
−2
3 (−y)3/2

2π(y)1/4 , y >> 0
. (4.109)

With the help of equation (4.94), we write
p2 = 2m(x− x2)F0 =−(2mh̄F0)

2/3 y, (4.110)
Thus,

1
h̄

∫ x2

x
p(u)du =

∫ 0

y

√
−y′dy′ =

2
3
(−y)3/2 . (4.111)

By inserting this equation into equation (4.109), we obtain:
ψ =

 A′ (2mh̄F0)
1/6

√
π

sin[ 1
h̄
∫ x2

x p(u)du+ π

4 ]√
p , x << x2

A′ (2mh̄F0)
1/6

√
2π

e−
1
h̄
∫ x2x p̃(u)du
√

p̃ , x >> x2

. (4.112)
By the comparison of this equation with equation (4.105), we find the relations

δ
′ =

π

4
, D= A′ (2mh̄F0)

1/6
√

π
and C3 = A′ (2mh̄F0)

1/6
√

2π
. (4.113)

Consequently, equation (4.103) reads:
ψ2 =

D√
p(x)

sin
(

1
h̄

∫ x2

x
p(u)du+

π

4

)
. (4.114)

Connection of ψ1 to ψ2The wave function of the second region can be written as
ψ2 =

D√
p(x)

sin
(

1
h̄

∫ x

x1

p(u)du+δ

)
. (4.115)
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Then, by using the same strategy, one can obtain the required relations:
δ =

π

4
, D = A′ (2mh̄F0)

1/6
√

π
et C1 = A′ (2mh̄F0)

1/6
√

2π
. (4.116)

to express the wave function
ψ2 =

D√
p(x)

sin
(

1
h̄

∫ x

x1

p(u)du+
π

4

)
. (4.117)

Quantization condition

Since both solutions, namely equations (4.114) and (4.117), belong to the secondregion, they must be the same.
D√
p(x)

sin
(

1
h̄

∫ x

x1

p(u)du+
π

4

)
=

D√
p(x)

sin
(

1
h̄

∫ x2

x
p(u)du+

π

4

)
, (4.118)

In fact, these equations have the same form, Dsinθ = Dsinϑ . This condition isfulfilled if we consider the following two relations:
D = (1)nD, (4.119)

and
1
h̄

∫ x

x1

p(u)du+
1
h̄

∫ x2

x
p(u)du+

π

2
= πn+π. (4.120)

The latter equation can be rewritten as follows:
∫ x2

x1

p(x)dx = π h̄
(

n+
1
2

)
, with n = 0,1, ... (4.121)

In conclusion, the general quantization condition of the WKB approximation reads:
∫ x2

x1
p(x)dx = π h̄

(
n+ 1

2

) , for potential well with no rigid walls,∫ x2
x1

p(x)dx = π h̄
(
n+ 3

4

) , for potential well with one rigid wall,∫ x2
x1

p(x)dx = π h̄n, for potential well with two rigid walls. (4.122)
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4.3.4 Example

Example 1:

Let us consider a particle in one dimension influenced by a potential V (x) = a |x|,and calculate the energy spectrum using the WKB method.
Solution:

This is a problem with no wall but with two turning points at x1 =−E
a and x2 =

E
a .First, we express the momentum of the particle with

p(x) =
√

2m(E −a |x|). (4.123)
Then, we substitute it in equation(4.121). We obtain:
∫ x2

x1

√
2m(E −a |x|)dx =

∫ 0

−E
a

√
2m(E +ax)+

∫ E
a

0

√
2m(E −ax)dx = h̄

(
n+

1
2

)
,

=
√

2ma

[
2
3

(
E
a
+ x
)3/2

]0

−E
a

+
√

2ma

[
−2

3

(
E
a
− x
)3/2

]E
a

0

,

=
4
3

√
2ma

(
E
a

)3/2

. (4.124)
After the simplification, we find the energy spectrum function

En =

(
3h̄

4
√

2m
a
(

n+
1
2

))2/3

. where n = 0,1,2,3, · · · . (4.125)
Example 2:

Let us apply the WKB method to compute the energy eigenvalues of a massiveparticle confined in a one-dimensional box with walls located at x = 0 and x = L.
Solution:

This is a problem with two rigid walls x = 0 and x = L. First, let us express themomentum of the particle
p(x) =

√
2mE. (4.126)
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Then, according to equation (4.122) we obtain the energy spectrum
∫ x2

x1

p(x)dx =
∫ L

0

√
2mEdx = π h̄n. (4.127)

Thus, √
2mEL = π h̄n, (4.128)

After taking the square of the latter form, we get
En =

π2h̄2n2

2mL2 , where n = 1,2,3, · · · . (4.129)
4.4 Time-dependent Perturbation Theory

4.4.1 General theory

Time dependence forces the formalism to be constructed using the time-dependentSchrödinger equation. Therefore, with a very small real-valued perturbation pa-rameter, λ << 1 and λ ∈ R, we consider
H |ψ (t)⟩= [H0 +λV (t)] |ψ (t)⟩= ih̄

∂

∂ t
|ψ (t)⟩ . (4.130)

Here, time-dependent potential, V (t), represents an observable of the same orderof magnitude H0 which remains zero for t < 0. The Hamiltonian H0 is a knownand time-independent operator. Here, known means that its energy spectrum andcorresponding eigenstates are determined via the following equation
H0 |Φn⟩= En |Φn⟩ . (4.131)

Here, En corresponds to the unperturbed energies, which are assumed to forma discrete spectrum. Moreover, |Φn⟩ are the unperturbed states associated withthese energies. It is worth noting that the set of vectors, |Φk⟩, form a complete andorthonormal basis.
⟨Φm |Φn⟩= δnm, and ∑

n
|Φn⟩⟨Φn|= 1. (4.132)

Let us suppose that the system is in the initial state, |ψ (t = 0)⟩= |Φi⟩ .
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On the other hand, |Φn⟩ are no longer eigenstates of H . Since they form acomplete basis, we can expand |ψ (t)⟩ in its basis
|ψ (t)⟩= ∑

n
cn (t) |Φn⟩ , (4.133)

where
cm (t) = ⟨Φm |ψ⟩ . (4.134)

By substituting equation (4.133) into equation (4.130), we obtain
∑
n

cn (t)H0 |Φn⟩+∑
n

cn (t)W (t) |Φn⟩= ih̄∑
n

∂

∂ t
cn (t) |Φn⟩ . (4.135)

Then, we multiply it with ⟨Φm| from the left. With the help of the orthogonalitycondition, we get
Emcm (t)+λ ∑

n
cn (t)Vm,n (t) = ih̄

∂

∂ t
cm (t) , (4.136)

where
Vm,n (t) = ⟨Φm|V (t) |Φn⟩ . (4.137)

Now, we introduce a perturbation parameter λ , analogous to the situation in time-independent perturbation theory, as follows:
cn (t) = ∑

j=0
λ

ia(i)n (t)e−
i
h̄ Ent = e−

i
h̄ Ent
[
c(0)n (t)+λc(1)n (t)+λ

2c(2)n (t)+ ...
]
. (4.138)

Substituting equation (4.138) into equation (4.136), we find
∑
n, j

λ
j+1eiωm,ntVm,n (t)a( j)

n (t) = ih̄ ∑
j=0

λ
j ∂

∂ t
a( j)

m (t) , (4.139)
where

ωm,n =
Em −En

h̄
.

When we match the coefficients of λ j on both sides of the equation, we obtain
• Zeroth order correction

∂

∂ t
a(0)n (t) = 0, (4.140)
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thus,
a(0)n (t) = a(0)n = Constant. (4.141)

Recalling that the system is initially in the state |Φi⟩, we conclude that
a(0)n = δi,n. (4.142)

• First order correction
∑
n

eiωm,ntVm,n (t)a(0)n (t) = ih̄
∂

∂ t
a(1)m (t) . (4.143)

Substituting equation (4.142) into equation (4.143), we get
ih̄

∂

∂ t
a(1)m (t) = eiωm,itVm,i (t) , (4.144)

therefore,
a(1)n (t) =− i

h̄

∫ t

0
eiωn,isVn,i (s)ds. (4.145)

By incorporating equations (4.145) and (4.142) into equation (4.138), and sub-sequently inserting them into equation (4.133), we derive the state |ψ (t)⟩ of thesystem at time t , up to the first order parameter as follows:
|ψ (t)⟩= e−

i
h̄ Eit |Φi⟩+∑

n ̸=i

λe−iωnt

ih̄

[∫ t

0
eiωn,isVn,i (s)ds

]
|Φn⟩ . (4.146)

Utilizing the perturbation theory, we compute the transition probability, namely
Pi→ f , from the initial state i at t = 0 to a different state f (where i ̸= f ) at time t .Keeping the definition of the transition probability in mind,

Pi→ f =
∣∣〈Φ f |ψ (t)⟩

∣∣2 , (4.147)
We substitute equation (4.146) into equation (4.147). We find

Pi→ f =
λ 2

h̄2

∣∣∣∣∫ t

0
eiω f ,isVf ,i (s)ds

∣∣∣∣2 . (4.148)
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4.4.2 Special cases

Constant perturbation

Let us suppose that the time-dependent potential W (t) takes the following form:
W (t) = λV (t) =

{
0 if t < 0

W (r) if t ≥ 0
. (4.149)

By substituting equation (4.149) into equation (4.145), we find the transition ampli-tudes to first order in perturbation theory as
a(1)n (t) =− i⟨Φn|V |Φi⟩

h̄

∫ t

0
eiωn,isds, (4.150)

or equivalently as
a(1)n (t) =

⟨Φn|V |Φi⟩
h̄ωn,i

(
1− eiωn,it

)
. (4.151)

Therefore, the transition probability reads:
Pi→ f =

∣∣〈Φ f
∣∣W |Φi⟩

∣∣2
h̄2

ω2
n,i

∣∣1− eiωn,it
∣∣2(e−i

ω f ,i
2 t − ei

ω f ,i
2 t
)
,

=

∣∣〈Φ f
∣∣W |Φi⟩

∣∣2
h̄2

sin2
(

ω f ,i
2 t
)

ω2
n,i
4

. (4.152)
Sinusoidal perturbation

Let us assume that the perturbation has a sinusoidal time dependence
V (t) =V (r)cosωt =

V (r)
2

eiωt +
V (r)

2
e−iωt . (4.153)

By employing this form in equation (4.26), we get
a(1)n (t) =−

iVn,i

2h̄

[∫ t

0
ei(ωn,i+ω)sds+

∫ t

0
ei(ωn,i−ω)sds

]
. (4.154)



4.4 Time-dependent Perturbation Theory 107

After performing the integration, we obtain
a(1)n (t) =−

Vn,i

2h̄

[
ei(ωn,i+ω)t −1
(ωn,i +ω)

+
ei(ωn,i−ω)t −1
(ωn,i −ω)

]
. (4.155)

Then, the transition probability reads:
Pi→ f =

∣∣Wf ,i
∣∣2

4h̄2

∣∣∣∣∣ei(ωn, f+ω)t −1(
ωn, f +ω

) +
ei(ωn, f−ω)t −1(

ωn, f −ω
) ∣∣∣∣∣

2

. (4.156)
If we suppose ωn, f ≃ ω, then the transition probability takes the form of

Pi→ f =

∣∣Wf ,i
∣∣2

h̄2

sin2 [(
ωn, f −ω

)
t/2
](

ωn, f −ω
)2 .

Here, we note that the transition probability reaches its peak value at ωn, f = ω .The central peak has a height of |W f ,i|2
4h̄2 and narrows over the time.

Interaction of atoms with electromagnetic radiation

The quantum-mechanical Hamiltonian describing a charged particle in the presenceof magnetic radiation, characterized by a vector potential −→A (−→r , t), can be expressedas follows:
H =

1
2m

(−→p +
e
c
−→
A
)2

, (4.157)
=

−→p 2

2m
+

e
2mc

−→p ·−→A +
e

2mc
−→
A ·−→p +

e2

2mc2
−→
A 2. (4.158)

Neglecting the term −→
A 2 and imposing the Coulomb gauge condition on the vectorpotential

−→
∇ ·−→A = 0, (4.159)

we re-write equation (4.157) as follows:
H = H0 +V (t) , (4.160)
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whereas the explicit forms of H0 and V (t) reads:
H0 =

−→p 2

2m
, (4.161)

and
V (t) =

e
2mc

−→
A ·−→p . (4.162)

If we assume that the incident radiation takes the form of a plane wave with aspecific polarization, −→
ε , and propagates along the direction −→n , then the vectorpotential −→A can be represented by

−→
A =

√
2π h̄c2

ωv

(
ei
(−→

k −→r −ωt
)
+ e−i

(−→
k −→r −ωt

))
−→
ε . (4.163)

Using the vector potential in(4.162) leads to
V (t) = de−iωt +d+eiωt , (4.164)

where
d =

e
2mc

√
2π h̄c2

ωv
ei
−→
k ·−→r −→

ε ·−→p , (4.165)
d+ =

e
2mc

√
2π h̄c2

ωv
e−i

−→
k ·−→r −→

ε ·−→p . (4.166)
Then, the transition probability associated with this perturbation can be derivedfrom (4.148),

Pi→ f =
1
h̄2

∣∣∣∣d f ,i

∫ t

0
ei(ω f ,i−ω)sds+d+

f ,i

∫ t

0
ei(ω f ,i+ω)sds

∣∣∣∣2 . (4.167)
Successful integration yields to:

Pi→ f =
1
h̄2

∣∣∣∣∣〈Φ f
∣∣d |Φi⟩

ei(ω f ,i−ω)t −1(
ω f ,i −ω

) +
〈
Φ f
∣∣d+ |Φi⟩

ei(ω f ,i+ω)t −1(
ω f ,i +ω

) ∣∣∣∣∣
2

. (4.168)
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By ignoring the cross terms, which are considered to be negligible in comparisonto the other two terms, we rewrite the latter equation as
Pi→ f =

4
h̄2

∣∣〈Φ f
∣∣d |Φi⟩

∣∣2 sin2 [(
ω f ,i −ω

)
t/2
](

ω f ,i −ω
)2 +

4
h̄2

∣∣〈Φ f
∣∣d+ |Φi⟩

∣∣2 sin2 [(
ω f ,i +ω

)
t/2
](

ω f ,i +ω
)2

2

.

(4.169)We take the long times limit, (t → ∞), and make use the relation
lim
t→∞

sin2 (xt)
x2t

= πδ (x) , (4.170)
so that, the transmission probability reads:

Pi→ f =
2t
h̄

∣∣〈Φ f
∣∣d |Φi⟩

∣∣2 πδ
(
E f −Ei −E

)
+

2t
h̄2

∣∣〈Φ f
∣∣d+ |Φi⟩

∣∣2 2πδ
(
E f −Ei +E

)
.(4.171)
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4.5 Exercises

Exercise 1

Consider the Hamiltonian
H =

p2

2m
+

k
2

x2 +
λ

2
x2.

1 Find the exact energy of the nth state of this Hamiltonian and expand it to order
λ 2 assuming |λ |< k.

2 Use perturbation theory, treating λ

2 x2 as perturbation, and find the energy of nthstate to order λ 2.

Solution

1 Here
H =

p2

2m
+

k+λ

2
x2,

we define
Ω

2 =
k+λ

m
;ω

2 =
k
m

;α
2 =

λ

m
.

The energy eigenvalue is given by
En = h̄Ω

(
n+

1
2

)
= h̄
√

ω2 +α2
(

n+
1
2

)
.

we expand this in series in λ , we get
En = h̄ω

(
n+

1
2

)
+

h̄α2

2ω

(
n+

1
2

)
− 1

8
h̄α4

ω3

(
n+

1
2

)
+ ...

= h̄ω

(
n+

1
2

)
+

h̄λ

2mω

(
n+

1
2

)
− 1

8
h̄λ 2

m2ω3

(
n+

1
2

)
+ ...

2 perturbation theory
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First-Order correction:
E(1)

n = λ
〈
n
∣∣H ′∣∣n〉 ,

=
λ

2
〈
n
∣∣x2∣∣n〉= λ h̄

4mω

〈
n
∣∣(a+2 +a2 +1+2a+a

)∣∣n〉 ,
=

h̄λ

2mω

(
n+

1
2

)
.

Second-Order Corrections
E(2)

n = λ
2
∑
s ̸=n

|⟨n |H ′|s⟩|2

E(0)
n −E(0)

s

.

〈
n
∣∣H ′∣∣s〉 =

h̄
2mω

〈
n
∣∣(1+a+2 +a2 +2a+a

)∣∣s〉 ,
=

h̄
2mω

(√
s(s−1)δn,s−2 +

√
(s+2)(s+1)δn,s+2

)
,

E(2)
n =

h̄2
λ 2

4m2ω3

[
s(s−1)δn,s−2

(n+1/2)− (s+1/2)
+

(s+2)(s+1)δn,s+2

(n+1/2)− (s−3/2)

]
,

E(2)
n =− h̄2

λ 2

8m2ω3

(
n+

1
2

)
.

Exercise 2

1 Determine the approximate ground state energy to second order for the Hamil-tonian
H =

p2

2m
+

k
2

x2 +
λ

4
x4,

using the perturbation theory.
2 Find the ground state correct to order λ

Solution

The unperturbed ground state energy is
E(0)

0 =
h̄ω

2
.
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First-Order correction:
E(1)

n = λ
〈
0
∣∣H ′∣∣0〉= λ

4
〈
0
∣∣x4∣∣0〉= λ

4

(
h̄

2mω

)2〈
0
∣∣∣(a+a+

)4
∣∣∣0〉 ,

=
λ

4

(
h̄

2mω

)2 〈
0
∣∣(a2a+2 +aa+aa+

)∣∣0〉= 3λ

16
h̄2

m2ω2 .

Second-Order Corrections
E(2)

n =
λ 2

16 ∑
n̸=0

∣∣〈n ∣∣x4
∣∣0〉∣∣2

E(0)
n −E(0)

0

=
λ 2

16

(
h̄

2mω

)4

∑
n̸=0

∣∣∣〈n
∣∣∣(a+a+)4

∣∣∣0〉∣∣∣2
E(0)

n −E(0)
0

,

=
λ 2

16

(
h̄

2mω

)4

∑
n

∣∣∣√4!δn,4 +6
√

2δn,2

∣∣∣2
n

=−21
8

1
h̄ω

(
h̄λ

2mω

)4

.

2 The wavefunction correct to order λ is
∣∣∣φ (1)

0

〉
=

λ

4 ∑
k ̸=0

〈
k
∣∣x4
∣∣0〉

E(0)
0 −E(0)

k

|k⟩ ,

=
λ

4

(
h̄

2mω

)4

∑
k ̸=0

〈
k
∣∣∣(a+a+)4

∣∣∣0〉
E(0)

0 −E(0)
k

|k⟩ ,

〈
k
∣∣∣(a+a+

)4
∣∣∣0〉=

√
4!δk,4 +6

√
2δk,2.Therefore ∣∣∣φ (1)

0

〉
=−λ

4

(
h̄

2mω

)4
[ √

6
2h̄ω

|4⟩+ 3
√

2
h̄ω

|2⟩
]
.

Exercise 3

Utilize the variational approach to estimate the energy of the ground state of aone-dimensional harmonic oscillator. This can be achieved by employing two trialfunctions as follows:
a

Ψ = Ae−α|x|,
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b

Φ =
A

x2 +α
,

where α is a positive real number and where A is the normalization constant.
Solution

a: normalization constant

⟨Ψ| Ψ⟩ =
∫

dx |Ψ|2 = 1,

= |A|2
∫ 0

−∞

e2αxdx+ |A|2
∫

∞

0
e−2αxdx =

|A|2

α
.

So, A =
√

α. Next, we calculate E (α) = ⟨Ψ |H|Ψ⟩ ,The expectation value of the kinetic energy
〈
Ψ
∣∣p2∣∣Ψ〉 = −h̄2 |A|2

∫ 0

−∞

eαx d2

dx2 eαxdx+ |A|2
∫

∞

0
e−αx d2

dx2 e−αxdx

= h̄2
α

2.

The expectation value of the potential
⟨Ψ |V (x)|Ψ⟩= mω2

2
|A|2

∫ 0

−∞

x2e2αxdx+
mω2

2
|A|2

∫
∞

0
x2e−2αxdx.

Using the integral ∫ ∞

0 xne−αxdx = n!
αn+1 , we find

⟨Ψ |V (x)|Ψ⟩= mω2

4α2 .

E (α) =
h̄2

α2

2m
+

mω2

4α2 .The minimization of E (α)

∂

∂α
E (α) =

h̄2
α

m
− mω2

2α3 = 0 =⇒ α =

(
m2ω2

2h̄2

)1/4
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=⇒
E = 0.70711h̄ω.

b: normalization constant
⟨Φ| ⟨Φ|⟩=

∫
dx

|A|2

(x2 +α)
2 = |A|2 π

2α3/2 ⇒ A =

(
2α3/2

π

)1/2

.

The ground state energy is given by
E (α) = ⟨Ψ |H|Ψ⟩

= − h̄2

2m
|A|2

∫ +∞

−∞

1
x2 +α

d2

dx2
1

x2 +α
dx+

mω2

2
|A|2

∫ +∞

−∞

x2

(x2 +α)
2 dx,

E (α) =
h̄2

4αm
+

mω2

2
α

minimization
− h̄2

4α2m
+

mω2

2
= 0 =⇒ α =

h̄√
2mω

.

=⇒
E =

√
2h̄ω

2
.

Exercise 4

Consider the one-dimensional potential
V (x) =

λ

4
x4 +

λa
4

x3 − λa2

8
x2.

Using the variational method, consider the trial wave function
φ =

(
β

π

)1/4

e−β (x+a)2
.

Evaluate the expectation value of the energy for this wave function and find theequation defining the optimal values of the parameter β , in order to get an esti-mate of the ground-state energy. Now take a special, but reasonable, value of thecoupling constant, λ = h̄2

ma6 , and obtain the corresponding estimate of the ground-state energy.
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Solution

The expectation value of the kinetic energy
⟨T ⟩=− h̄2

2m

(
β

π

)1/2 ∫
e−β (x+a)2 d2

dx2 e−β (x+a)2
=

h̄2
β

4m
.

The expectation value of the potential
⟨V ⟩ =

(
β

π

)1/2 ∫ (
λ

4
x4 +

λa
4

x3 − λa2

8
x2
)

e−2β (x+a)2
,

=
λ

4

(
3

4β 2 +
5a2

4β
− a4

2

)
.

Thus we get
E (β ) =

h̄2

4ma2

[
βa2 +

λma6

h̄2

(
3

4a4β 2 +
5

4a2β
− 1

2

)]
.

Minimizing the energy with respect to θ = βa2, we get the equation
θ

3 − 3λma6

2h̄2 −5
λma6

4h̄2 θ = 0,

for λ = h̄2

ma6 , there is a special exact solution, namely
θ0 =

3
2
=⇒ E =

13
12

h̄2

2ma2 .

Exercise 5

A ball of mass m is acted on by uniform gravity g bouncing up and down an elasticfloor. Take the floor to be the zero of the potential energy. Using WKB approxima-tion obtain the quantized energy level of the system.
Solution

Suppose the ball is dropped from a height z= a above the floor ( z= 0). The potentialenergy is V = mgz. We have one here, one, the floor and the other at z = a . If theenergy is E , the turning point is E/mg. The quantization condition is



116 Approximation Methods

∫ E/mg

0

√
2m(E −mgz)dz =

∫ E/mg

0

√
2mE

√
1− mg

E
zdz = π h̄

(
n+

3
4

)
.

Substituting x = 1− mg
E z =⇒ dz =− E

mgdx. The quantization condition then becomes
x = 1− mg

E
z

∫ E/mg

0

√
2m(E −mgz)dz =

√
2
mE3/2

g

∫ 1

0

√
xdx = π h̄

(
n+

3
4

)
,

=

(
8E3

9mg

)1/2

.

The energy levels are
E =

[
9mgπ2h̄2

8

(
n+

3
4

)2
]1/3

.

Exercise 6

Calculate the energy levels of an electron in s- state bound to a nucleus by thepotential V (r) = −Ze2

r . The electron may be viewed as having a rigid wall as r = aand r = 0 where a is the turning point.
Solution

There is one turning point at r = a where E =−Ze2

a =⇒ a =−Ze2

E . In addition, thereis a wall at r = 0. The equation determining the energy is given by
∫ a

0
p(r)dr =

√
2m
∫ a

0

√
E +

Ze2

r
dr = π h̄

(
n+

3
4

)
,

=
√
−2mE

∫ a

0

√
a
r
−1dr,

=
√
−2mE

aπ

2
.
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Equating this to π h̄
(
n+ 3

4

), we get
En =− mZ2e4

2h̄2 (n+ 3
4

)2 .

Exercise 7

A system of hydrogen atoms in the ground state is contained between the platesof a parallel-plate capacitor. A voltage pulse is applied to the capacitor so as toproduce a homogeneous electric field
E=0 for t < 0,

and
E= E0e−

t
τ for t < 0.

Show that, after a long time, the fraction of atoms in the 2p (m = 0) state is, to firstorder
215

310
a2

0e2E2
0

h̄2
(

ω2 + 1
τ2

)
what is the fraction of atoms in the 2s state?

Solution

The probability that a transition has occurred to a state | j⟩ , with energy E j at time
t is ∣∣c j

∣∣2, where
c j =

1
ih̄

∫ t

0
⟨ j |V (t)|k⟩eiωt ′dt ′; with ω =

E j −Ek

h̄
.

In the present problem V (t) is the potential of the electron in the applied electricfield, whose direction we take as the z−axis, i.e.
V (t) = eEz=eE0ze−

t
τ .

Fot t → ∞, we have
c j =

eE0

ih̄
⟨ j |z|k⟩

∫
∞

0
e(iω− 1

τ )tdt.
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The time integral is ∫
∞

0
e(iω− 1

τ )tdt =− 1
iω − 1

τ

.

Therefore
c j =

eE0

h̄
⟨ j |z|k⟩
ω + i

τ

.

The initial state is the ground state of the hydrogen atom, I.e. the quantum numbersare n = 1, ℓ = 0,,m = 0 and the final state has n = 2, ℓ = 1,,m = 0. We evaluate thematrix element in spherical polar,
⟨ j |z|k⟩= ⟨2,1,0 |z|1,0,0⟩=

∫
d−→r ψ

∗
2,1,0 (

−→r )r cosθψ1,0,0 (
−→r ) ,

where
ψ1,0,0 (

−→r ) =
2√
4π

e−r/a0

a3/2
0

,

ψ2,1,0 (
−→r ) =

1√
4π

re−r/2a0

a0 (2a0)
3/2 cosθ .

Thus
⟨2,1,0 |z|1,0,0⟩= 1

a4
023/2

∫
r4e−3r/2a0dr

∫
cos2

θ sinθdθ =
4!

23/2

(
2
3

)6

a0.

The probability of a transition is
∣∣c j
∣∣2 = 215

310
a2

0e2E2
0

h̄2
(

ω2 + 1
τ2

) .
The probability ofa transition to the state n = 2, ℓ = 0,m = 0 is zero. The wavefunctions ψ1,0,0 and ψ2,0,0 have positive parities, whereas the parity of the function

z is negative. Consequently, the product’s parity is negative as well, leading to azero matrix element when integrated over all of space.
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