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Preface

The Quantum Mechanics Il course that | am teaching at the University of Con-
stantine 1 is designed for students of 3rd-year bachelor’s (License) in the field of
Material Sciences. The course structure has been prepared in accordance with the
national curriculum.

This module covers specific topics within quantum mechanics, expanding on the
ideas presented in the Quantum Mechanics 1 course. In addition to exploring
essential cases such as the hydrogen atom and emerging phenomena like spin, the
module imparts essential concepts and mathematical techniques applicable to more

advanced domains.

Students will be able to:

e Perform calculations using angular-momentum techniques, including the

Wigner-Eckart theorem.
e Solve simple quantum mechanical problems.

e Use the approximate methods for solving the Schrodinger equation ( the vari-

ational method, perturbation theory, WKB approximations)

e Calculate transition rates using time-dependent perturbation theory.

Prerequisite:

e Students must have completed Quantum Mechanics |.

Bilel Hamil, September 2023
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Chapter 1

Angular Momentum and Spin

1.1  Definition

In classical physics, the angular momentum vector is defined with
_>
L=7n7, (1.1)

where 7 represents the position of the particle and 7 denotes the momentum of

the particle. In Cartesian coordinates, the components of the angular momentum

vector read
Ly =yp:—zpy
Ly =zpx—xp; (1.2)
L; = Xxpy —ypx

The transition to quantum mechanics can be achieved by replacing the classical

vectors "7" and "J" with their associated operators in the position representation,

=

(1.3)

7 D
_>
— p=-—inV. (1.4)

7

Hence, the angular momentum operator reads

fL—fAp=—infAV, (1.5)
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In Cartesian coordinates, the components of L are

* _hfad s d
x = 7\ Y9z %9y
? __hsd ~ 0
F _hifad ad
LZ 7<xa—y—ym

It is worth noting that the angular momentum cannot be applicable in a one-
dimensional space. Another important point is that the square of the angular mo-
mentum operator, L2 :L§+L§+L§, and the components Ly, Ly, L, are all Hermitian.

By introducing the Heisenberg uncertainty principle

[xAvﬁx] = lha [yapy] = lh> [Zapz] = lha (17)

the angular momentum commutation relations of the form is derived

[Ly,Ly) =inl;; [Ly,L;| =inLly; [L., L] =inL,. (1.8)
Please note that these commutation relations constitute the quantum mechanical

concept of angular momentum, and its definition is broad enough to allow the

inclusion of half-integer quantum numbers.

1.2 General Theory

A

Hereafter, we will consider a general Hermitian angular momentum operator, J,
which is characterized by its components Jy,Jy, and J,. The three components Jy,J,,

and J, obeys the following commutation relations
Vo k] =iy [, ] =il L, )] = i, (1.9)
with
0] = [.4] = [I24] =0, (110)

where the square of the general Hermitian angular momentum operator is defined

as
72 2 2 2
P=r+i2+ 72 (1.11)
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1.2.1 The eigenstates and eigenvalues of JZ and J;

Equations (1.9) and (1.10) can be readily understood from a straightforward physical
interpretation. It's possible to determine the simultaneous eigenvalues of 32 and one
specific component, such as J,. However, it is not possible to precisely determine
the eigenvalues of both J; and J; simultaneously.

Let us assume |j,m) as the common eigenstates of the operators J? and fz
321 2 :
J°1j,m) = 1Bl j,m), (1.12)

J:\j,m) = tim|j,m), (1.13)

where j and m are quantum numbers to be determined. For simplification, we

suppose that these eigenstates are orthogonal with each others
<j/7m/ |J7m> = 3_j,j’6m,m’- (1.14)

Now, we define the ladder (or raising and lowering) operators

A A

Ji = J +iJ, (1.15)
to express the other operators in terms of them as

R AUy S gy o
J:L- Jo=t

X 2 ’ y 2—l,, (116)
and hence o
2 AP AT T T T
{ T (1.17)
J’Q — _J++J,—J7 +— +J,
y 4
Here, we also have
Fod ] = [htidudi—ih] = —i[d] + i[5 0]
= =2il[J,,J)] =21/, (1.18)
Vords] = [Jod] £i[L,hy] = indy £ 1),

= +hfy, (1.19)
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in addition to
(3] =T [ J) + [ Ji] T = £2n)3. (1.20)

By using equations (1.17) and (1.19), we get
JJ =R+ PR +nl. =5 -2 +nl,

J I =R+ —nl. =Y -J-nl, (1.21)

and via the equation (1.10) we obviously have

(32, 7] =o0. (1.22)

Proposal 1

e The eigenvalues of J* are positive or zero.

e The quantum numbers ; and m satisfy the inequality: ; > m? >0

Demonstration

Since the operator J; (i = x,y,z) is Hermitian, we have

() = (w| 2 y) = | 1w)||* > 0. (1.23)

Thus

(3% = (|2 w) + (w2 |w) + (w2 ),
= |[A ) |]P + 5 w2+ | [w) | > o. (1.24)

In particular, for an arbitrary state, |j,m), we have

(32) 1y = ol 7 1j,m) = 52B; > 0. (1.25)
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Additionally, keeping in mind that <jz> > <fz2>, and employing the relations (1.12)
and (1.13), we find

)y = Ciom 321, m) = 12B; = 0

— Bz 20. 126

Proposal 2

Demonstration

Initially, it's important to note that J1 does not commute with J;, which implies that
the kets |j,m) are not the eigenstates of J.
In order to demonstrate the proposal we utilize the relationship given in equation

(1.19). We start with the following equality
I (Jeljym)) = (Wa HJ2) j,m) = R(1£m) (Jx|j,m)) (1.27)

which states that J raises or lowers the eigenvalue m by one unit of 7. It's important
to mention that (/i|j,m)) is an eigenstate of /.. On the other hand, J; and J?

commute, therefore, (fi |j,m>) should also be an eigenstate of J?,
¥ (Jeljm)) = LB [Yim) = Bj (S jsm)) (1.28)

Based on equations (1.27) and (1.28), we can deduce that the action of the operator
Ji on |j,m) does not alter the first quantum number j, but it does increase or de-
crease the quantum number m by one unit. This means that J. |j,m) is proportional
to |j,m+1)

Telj,m)=C5,ljm+1). (1.29)

Proposal 3

o H Mmax — +]r then B] :J(]+ 1)

o If mpyin = j/' then ﬁj = j/ (]/ - 1)
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Demonstration

We remember

from the previous proposal. For a maximal value to the quantum number, mpax = J,
it yields to
Ji | j,mmax) = 0. (1.31)

Therefore, we can write
A, 2 . N N
HJ+|Jammax>|| = <]ammax|JfJ+|]ammax> =0. (1.32)

Then, by using the relation J_J, = J? —fz2 —hJ,, we get

Hf+|jammax>H2 = (jammaX|(jz_fz,2_hfz)|j7mmax>,
= (B~ —j)=0=B=j(i+1). (1.33)

Let us now examine the state |j,mmy;, = j') which cannot be lowered further.
J | j, mmin) = 0. (1.34)

By employing the relation ./ = J? —J?—i—hfz, and repeating the similar algebra of

equations (1.32) and (1.33), we obtain
Bi=i('—1). (1.35)
The comparison of equations (1.33) and (1.35) leads to the following relation:
Bi=j(j+1) where —j<m<]. (1.36)

In summary, we conclude that %j(j+1) and hm are the eigenvalues of J% and J;

operators that act onto the joint eigenvectors |j,m), respectively:
Y 1jm)=nj(j+1)]j,m), (137)

and
J|j,m) =nhm|j,m). (1.38)
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Proposal 4

The only possible values of j can be non-negative integers, non-negative half-

integers or zero.

Demonstration

Let us consider the state |j,—j). If /i acts on this state, then we will have to
obtain a new state proportional to |j,—j+1). By repeating this procedure again

and again (n times), we get

R A Joo.. Seooo. .
=0y = L=+ 1) == =i+ 2) [ —j+m) = 1), J)- (1.39)
Therefore we can write,
—]:—]+n:>]:§, where n € N. (1.40)

Recalling the range of the natural numbers, we easily conclude that
j€{0,1/2,1,3/2,2,...}, (1.41)

with

These results represent the fundamental quantization properties of angular mo-
mentum. In fact, they are applicable to all momenta including the orbital angular

and spin angular momenta, in an arbitrary space in which equation (1.9) is satisfied.

Proposal 5

The action of the operator J1. on |j,m) is

Jeljom) =ny/j(j+1)—m(m£1)|j,m+1)

Demonstration

Let us recall the second proposal

Telj,my=C5,,|jm*1). (1.43)
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Now, taking the inner product of Eq. (1.43) with its Hermitian conjugate, we get

Y

[clim]® = tml () Chalim) =|ch|
= (jml ST |j,m),

= (j,m| (3 =2 FnL)|j,m),

= (j(j+1)-m(m=£1)). (1.44)

If we consider the arbitrary phase of ijm to be zero, then we obtain

Cin=0Vi(j+1)—m(m=£1). (1.45)

1.2.2 The matrix element of the angular momentum

The states represented as |j,m) are a complete and orthonormal basis for angular
momentum. They satisfy the following completeness and orthonormality relations,
respectively:

j
Y livm) (ml =1, (1.46)

m=—j
<.]7m| j/7ml> = 5j,j’6m,m" (147)

Here, 1 corresponds to the unit matrix.
In equations (1.37) and (1.38), we have already shown that J? and J; operators
have joint eigenstates. Now, by using the orthonormality condition, we construct

their matrix representations
(jm! |37 |jom) = 0j (j+1)8; 1S, (1.48)

<j’,m”fz|j,m> = hmd; j &y py - (1.49)

Hence, the matrices that depict J> and J; in the |j,m) eigenbasis are diagonal, with
their diagonal components being equal to 7j(j+ 1) and Am, respectively.

On the other hand, as observed in equation (1.45), the impact of the ladder
operators J+ on an angular momentum state is to create a state with the identical

magnitude of the angular momentum. However, this new state’'s z component is
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augmented or decreased by one unit of &

<j/7m/‘j+ ‘]7m> = h\/](J+ 1) _m(m+ 1)5],]’ m—+1,m’ (150)

<j/,m"f_ ‘]7m> = h\/]<]+ 1) _m(m_ 1)5j,j/ m—1,m’ (1.51)

Consequently, the matrix representations of the ladder operator, J+ in the

{|j,m)} basis are characterized by the non-diagonal matrices.

Example

Let us consider a particle with angular momentum j =3/2 to answer the following

questions

a. What are the possible values of m?
b. What are the matrix representations of J?, J, J,, J_ and J, Jy?

c. Find the energy levels of this particle when its Hamiltonian is given by

£ £ -
H= 3 (=1F) -

Solution

a. For j=3/2, four possible values of m exist: 3/2, 1/2, —1/2, and —3/2.
b. For j=3/2, we simply can list the states

Following equations (1.48), (1.49), (1.50), and (1.51), we obtain the matrix

representations of the operators, respectively as follows:

. 15K%
p=br , (1.53)

oS O O =
o o = O
oS = O O
- O O O
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-3 0 00
~ h]l O -1 00
J, == , 1.54
=3 Lo (1.54)
0 0 3
0 0 0 O
A 30 0 O
Jy=h V3 , (1.55)
0 2 0 O
0 0 V30
0 vV3 0 0
. 0 0 2 0
J_=h
0 0 0 V3
0O 0 0 O
which, when combined with J, = j*;f‘ and J, = hz;lj‘, lead to
0 V3 0 0 0 -3 0 0
f_h\/gOZO'A_h\/gO—ZO
2100 2 0 V3T 21 0 2 0 -3
0 0 V3 0 0 0 V3 0
c. The Hamiltonian is expressed as:
-3 0 2v3 0
£ 0 -1 0 2V3
H=2
2(2v3 0 1 o0
0O 0 0 3
The energy eigenvalues:
E 58 E E . E §8
1= 5% E2 280,3 280,4—20
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1.3 Orbital Angular Momentum

1.3.1 Orbital angular momentum operators in spherical coordi-

nates

We will now focus on expressing angular momentum in terms of coordinates. In this
part, we will be operating within the spherical coordinate system. Let us use the

notation "[¢,m)" to represent the joint eigenstates of the operators L2 and L.,
L2 6,m) =m0 (L+1)|0,m), (1.56)

L |0,m) =hm|l,m). (1.57)

We consider the transformation between the Cartesian and spherical coordinates

x = rsinfOcos@; y=rsin@sinQ; z=rcosO,

ro= V242 +7%  06=cos” <E> ;  @=tan"! <X> : (1.58)
r X

, R
The orthonormal Cartesian basis (i, j, k

(?r,?g,?(p) through the following relations:

), is related to its spherical basis

?:7,sin9cos¢+?gcosecos¢—sinq)7(p. (1.59)
? =" ,sin0 sin @ +7g cos 0 sin @ + cos q)?(p. (1.60)
_>
K =¢,cos0— ¢ gsin. (1.61)

On the other hand, in spherical coordinates, the gradient operator V is defined

as follows:
dr r d0 rsin@de '

: =1 .
Now, substitute the expression for the gradient operator V (1.62) into the def-
inition of the angular momentum (1.5), and after performing the cross product, we
arrive at the expression for the angular momentum operator in spherical coordi-

nates:

S N I )
L= i eﬂ\(erar—l— r 89+rsin98q) ’ (1.63)
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By employing equation (1.64) along with equations (1.59) to (1.61), we express

the components L,,L, and L; in spherical coordinates as:

N _—> A_h — . — . N 8 ?9 (9
Ly=i -L—?(e,smecosq)—k egcosecos¢—51n(pe¢)-(?(p%—m% )
h .0 d
== (— sinQ— —cot 8 cos (p%) : (1.65)
ﬁ_ﬁt_h%.e. - 0si — —>8 ?98
y=J-L=7(€sinfsing+gcosOsing+cosg@y) - €z — o550 )
h d ) 0
=3 (cos (p% —cotfsin (p%) . (1.66)
N _—> A_h — __> . N 8 B ?9 (9
L=k L_i(ercose egsme)(e(pae §n09¢ )’
h d
- 1.67
T30 (1.67)

Using equations (1.65) and (1.66), we rewrite the raising and lowering operators,

namely Ly = Ly %Ly, in the spherical polar coordinates

. o[ 0 d
= 9 _ | —_—
Ly =he (86+zcot08(p), (1.68)
. [ 0 d
= — —ip R e
Ly he (86 lCOte&q))' (1.69)

Now, using the definition of the components L,,L, and L; in spherical coordi-

nates, we can rewrite L2 = lAﬁ% —|—lA4§ —f—fé as

[ L9 (e ), L P
L°=-h [sin@&@ s1n989 +sin293(p2 . (1.70)

The angular momentum operators L? and L, are functions of angular coordinates, 0
and ¢, their eigenstates depend only on 6 and ¢. Now, we introduce the spherical

harmonics Yy, (0,9) = (0,9 |¢,m), and re-express the eigenvalue equations (1.56)
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and (1.57) as follows,
L2Y(n(6,0) =12C((+1) Y0 (6,9), (1.71)

zzyé,m (97 ¢) = hmyé,m (67 (P) . (1.72)

1.3.2 The eigenfunctions of . and L.

To find the eigenfunctions Y, ,, (6, ¢), we can employ the definition given in equation

(1.70). In such case, we can start with

1 o (. 0 1 92

Then, we use the separation of variables method. We consider the solution

Jem (6,0) =0y (0) P (@), (1.74)
and substitute it in equation (1.73). Following several algebra, we obtain

2
sin® 6 m;—e (sin@%) Oum(0)+L(l+1)| = _%%¢M(¢)'

(1.75)

The left-hand side of this equation is only dependent on the angle 0, while the

right-hand side depends only on the angle ¢. Since varying 6 does not influence

the right side, and changing ¢ does not affect the left side, we can consider both

sides as a constant, m%. Then, the equation for ¢ becomes

32
[a—q)z +m2} @, (¢) =0, (1.76)

and its solution simply reads
D, () = ae™?, (1.77)
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with an arbitrary constant a. Since ®,,(¢) has to be a single-valued function, we

must impose the periodicity condition

D (9+27) = Du(e),
eim((p+27r) —  ime
2 — 1 =m=0,+1,42,... (1.78)
Then, by setting a = \/szn we derive the normalized solution of equation (1.76) in
the form of ,
oime

q)'"((p):\/ﬁ with m=0,+1,42, ... (1.79)

It's evident to note that the function ®,,(¢) is an eigenfunction of the operator L,

possessing the eigenvalue m. Indeed, we observe that

i X

L Py, (@) = I%qu (@) = hm®,, (@). (1.80)

Now, let us redirect our attention to equation (1.75). By introducing a change of

variable s =cos 6, we get

d 5 d m?
d—%<1—% )d—%+€(€+1)— 1_%2

Opm () =0, (1.81)

which is known as the Legendre differential equation. The solution of the Legendre

differential equation can be represented with the form
Opm(0) =combP;" (cosB), (1.82)

where ¢/, is the normalization constant, P)* () are the associated Legendre func-

tions defined by

Iml glml
Pl (3) = (1-37) 2 j%—mpg(%), (1.83)
and .
Py () = (_1? d—(l—%z)g. (1.84)
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are the Legendre polynomials. The normalization constant, ¢/, can be established

through the orthonormalization condition

2n T
(| t,m) = / /d(psin9d6<€’,m"6,q)>(9,(p|€,m>:5&@/6,,1_‘,"/,
0 0

2r T
— [) /0 d(psiﬂQdGHZ;M(9,(P)13£7m(97(l’>a

‘cé,m ?

2n T
: 2
_ 7/0 d(p/o d05sin 6 |PY" (cos0)[2, (1.85)

and by the following integral property,

2(L+m)!
0+ 1) (C—m)1 o

T
/ dOsinOP)" (cos0) Py’ (cos ) = (1.86)
0

After some algebra, we can express the normalization constant in the form of

B m |(20+1)(£—m)!
com=(—1) \/ 2lem) (1.87)
By substituting this constant into equation (1.82), we obtain
m [(20+1)(£—m)!
=(-1 P . 1.

Finally, we can express the joint eigenfunctions of the operators L, and L? by

substituting equations (1.88) and (1.79) into equation (1.74):

Yon(6.0) = (—1)’"\/(zi;(lgfnjﬁ)’w(cose), (m>0). (189

Y (6,9) = (—1)""\/W;f()jf;ﬁ’f’)’&m<cose>, (m<0). (1.9

1.3.3 Some important properties of spherical harmonics

Here, we have to underline some important properties of the spherical harmonics.



1.3 Orbital Angular Momentum 19

Orthogonality and Normalization

21 T
(&.m' z,m>:/0 /0 d@sin0d0Y; . (0,9)Yrm(0,0) = &Gy (1.91)

The completeness relation

¥ (0.0 16m) (1 [00) = % ¥i(0.0)40(0'0),
o — 5 (cos0—cos8") 6 (0 9)
= 5(0-0)3(p—9). (1.92)
The complex conjugate
[Yem (8,0)]" = (=1)"Yr.-m (6, 9). (1.93)

The parity operator

Yem (0,9) is an eigenstate of the parity operator P with an eigenvalue (—l)é
:Pyé,m (97 (P) = y[,m (ﬂ‘- - 07 T+ (P) = (_l)ggf,m (67 (P) . (1 94)

Relation between the spherical harmonics and the Legendre polynomials

2041
Y10(6.0) = |/ =P (cos0). (1.95

First few Spherical Harmonics
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¢ | m | Spherical Harmonics

0] 0 | ¥oo(6.9) =1/ .

1] 0| Nig(8.9)=/coso,

+1 Yl,il(9,¢)=$\/gsin6ei"‘l’ ,
210 Y270(9,(p):\/%(3c0529—1),
1| Vy41(6,0) = F/ 2 sinBcos 09

+2 Yziz(e,(p) = 312—577:Sin2 GeiZiq) .

Table 1.1: First few Spherical Harmonics.

1.4 Spin

1.4.1 Stern - Gerlach Experiment

In 1921, O. Stern and W. Gerlach conducted a seminal experiment, revealing the
existence of a magnetic moment associated with the electron’s spin, even though the
concept of electron spin was not yet recognized at that time. In their experiment,
Stern and Gerlach prepared a beam of silver (Ag) atoms in their ground states and
let them traverse a non-uniform magnetic field and reach a photographic plate, as
depicted in figure 1.1. Essentially, they were planning to observe the deviations
of the beam on the photographic plate when they turned on the magnetic field.
According to them, they should observe one spot only because the atoms in the
beam were in their ground state ( £ =0). Moreover, they were expecting to observe
three spots when the electrons are excited to the 5p state (¢ = 1). During the
experiment, they observed that the beam produced a different number of peaks on
the photographic plate, even when the magnetic field was turned off.

In 1925, Goudsmit and Uhlenbeck proposed a solution to this puzzle by suggest-
ing that electrons should possess an intrinsic angular momentum, called spin. The
concept of spin, which represents an intrinsic degree of freedom, is unique to quan-
tum mechanics and lacks any classical analogs. Therefore, spin cannot be explained

through the use of differential operators.
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Prediction

Experiment
result

Silver gtoms

Oven

Inhomogeneous
magnetic field

Figure 1.1: Stern-Gerlach experiment

1.4.2 Spin theory

Although the spin operator represents an intrinsic angular momentum, it follows the
commutation relations similar to the ones derived for the orbital angular momen-
tum. In order to distinguish the spin angular momentum from the orbital angular
momentum, we utilize the symbol § instead of L.

We consider spin operator components S, S, S., which obey the following com-

mutation relationships
[Se. 8] =inS;; [S,,8] =inSe  [S.,8] = ins,. (1.96)
Then, with these components, we define a squared magnitude operator §? as
S*=8+85+82, (1.97)
where [Sz,ﬁj] =0 for j=x,y,z. Moreover, we consider raising and lowering opera-
tors, Si:

A

S. =S, +iS,. (1.98)

Next, we write the eigenvalues of 8% as 7i%s (s + 1), by replacing the symbol ¢ with
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s. Alike, we consider the eigenvalue of S, as #imy. Altogether, they read
82 [s,mg) = h2s (s+1) |s,mg) , (1.99)

S. |s,mg) = hmg|s,my) (1.100)

with

Sy |s,ms) = hy/s(s+1) —mg(mg£1)|s,mg+1).

Alike the orbital angular momentum, the allowed values for the quantum number
sare0,1/2,1,3/2, ---. Furthermore, the admissible values of the quantum number

mg run between —s to s, as we have proven in Section 1.2

1.4.3 Spin 1/2

Particles like electrons, protons, and neutrons are called fermions. This classifica-
tion arises from their intrinsic properties, particularly from the fact that their spin
angular momentum is quantized in half-integer values (s =1/2). For s =1/2, there

are two values of mg, namely 1/2 and —1/2. Therefore, two eigenstates arise as
e |1/2,1/2), which is called 'spin-up’,
e |1/2,—1/2), which is called 'spin-down’.

For both cases, we can write

§21/2,1/2) = 3 1/2,1/2): S:11/2,1/2) = §11/2,1/2) 1.101)
S211/2,-1/2) = #1172, -1/2);  §.[1/2,-1/2) = —L[1/2,-1/2) '
Moreover, when we act S‘i on these basis, we find
Sul1/2,-1/2) =h[1/2,1/2):  §_]1/2,-1/2)=0 '

If we associate the following matrices with the spin basis, we can write

|u;um:<é>4u;_wm:<?>. (1.103)
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Also, we can represent the operators S;,$, and §; as a 2 x 2 matrix form as follows:

5, =" —h<0 1), (1.104)

2% 731 o
N h Al 0 —i
Sy_ioy_§<i 0 ) (1.105)
A~ N a1 O
SZ—EGZ—§<O _1>. (1.106)

Here, o; are called Pauli matrices.

Properties of the Pauli matrices:

1.4.4
It is worth noting that the Pauli matrices satisfy a Lie algebra
[Gj, Gj] = igijk6k7 (1 A 07)
and their square is the identity matrix
2 _
o7 =1. (1.108)
Besides, they are traceless
(1.109)

tro; =0;tr (Gl'Gj) = 26ij-

Furthermore, an interesting characteristic emerges when examining not only the

square of the Pauli matrices but also the following object

(3-)(3-7)=(2-%)+id-(dx7b). (1.110)
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1.5 Exercises

Exercise 1

A certain state |¢) is eigenstate of L2 and L.
L2|g) =w*£(£+1)[9) and Lc|9) = hm|9),

for this state calculate <ﬁx> and <ﬁ)26>

Solution

First, note that< > 0. Since

thus

(L) = = (9][L zm— (
= " (ol

Considering the symmetry with respect to x, y we have

)_0

(1) = (1) =3 (B2~ 12),

and so
. 1 A N 1 . 1 .
(12) = Lo (2-12)|e) = L (o]E2]0)— 1 (022 4).
R+ 1) —RPm?
= 5 )
Exercise 2

A 1
The spin function for a free electron in basis §; is diagonal can be written as ( 0

0 A
and < ) ) with eigenvalues of S; being %/2 and —#/2. Using this basis find a
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normalized eigenfunction of S with eigenvalue 7/2.

Solution

In the diagonal representation of S, and S?we can represent Sy by

~ h [0 —i
Sy =—. .
A o
Let the required eigenfunction of S, be v = ( 5 ) . Then
~ [« o
S =h/2 )
y( p ) ( P )
0 i
n U % ) =nn( ¢ ).
2\ i o0 B B
o
So, we have ¢ = —iff and v = < . ) .
io
( “ ) —2a2=1,
o

Normalization

v+v:( o —ic

N——

1

gives o = —=. Hence

S

2

Exercise 3

Use the following definitions of the angular momentum

=

=

xP,
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L, = ﬁ(yi_gi)

* i\"dz “dy)’

jo_ (0 .0
v i(zax x&z)’
[L. = ﬁ<£i_Ai)
¢ i\ dy Yox )

and the relationships:

[%, ] = il [9, by = ifis [2, pe] = im,

to demonstrate the following operator identities

Solution

Let us recall that the components of the vector cross-product can be expressed as

So, we can

[LiLj]

Li= (£ xP); = €wfipi
calculate the commutator [lA,i,lAJj} in the following manner:

= [(f‘ xP);, (FxP) j] = [€wiiPr, €jrsrDs| = €€jrs [RD1,%rDs)
= Eu€jrskx [P1, XrDs| + Ewr€jirs [Xi, Xr Ps] P1»

= Eiw€jrski [P1,Xr] Ps + Ei€jrshr Xk, Ps) D1,

= —ih€€jrsXk P50y + € Ejrs Xy Py Ok s,

= iheiklsljsfkﬁs - ihgjrkgkilerﬁly

Using the identity

eijkgkrs = 6ir5js - 6is6jr7
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one obtains

[Li,L;]

But it is easy to

&Ly

= i (8ij6ks — 8isOjx) Rups — in (86 — 816i) &Py,
= ih(%ipj—%;pi) .
see that

Eijk (f‘ X f))k = SijkgkrsxArpAs = (6ir5js - 61'35jr) xArpAsa

= Xipj—X;DPi,

and hence we have the fundamental angular momentum commutation relation

~

[Ll', I:j] = iheijkik,

written out this says that

(L L] = ifko: [Ly L] = inky: [, L) = ink,.

Now the square of the orbital angular momentum operator is L? =L-L =L; - L;, and

therefore

[I:z,l:j] = [I:iI:i,I:j} :ii [f,i,l:j] + [zi,l:j] lAJia

But

= ih&','jkz:izk + ihgijkzkzi'

& jkliLi = &ijlili = —& il L;.

This leaves us with the important relation

Exercise 4

(L2 1;]=0.

Determine the eigenvalues and eigenvectors of the spin operato S for an electron

oriented along a unit vector n ; assume that n; lies in the xz plane. Calculate the

probability of measuring $, = —71/2
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Solution

In the xz plane, the vector n is defined as
n = sin G_i> + cos 97,
where 0 < 0 < 7. Thus we can write
S-n =S, sin@ + S, cos O

Using the spin matrices, we can write S-n in the following matrix form:

A Al 0 1 . Al 1 O fi{ cos® sinB
S n=-— sin @ + — cosf = —
2\ 10 2\ 0 —1 2\ sin®@ —cos6

The eigenvalues:

h B 2
det[gn—l]: zcose—l 5sin 6 :lz—h—:O
%sin@ —%cos@—l 4 ’

which in turn leads as expected to the eigenvalues A = £5/2.

The eigenvector:

o Case Ay =+71/2:

fi [ cos@ sin6 o)\ nhfoa
2\ sin® —cosh B T2 B

This matrix equation can be reduced to a single equation

o (1l —cos@)=Psin6 0 . 6 0
‘ = fcos— =asin— = B = otan—
B(14cosB) = asinb 2 2 2

normalization condition:

1 0
oc*a(l tanQ> =1=|af*(14tan’= ) =1,
2 tan% 2

0
o =cos— and f§ =sin—.
cos 5 and 8 sin >
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Hence the eigenvector corresponding to A4 = g is

0
COS 5 01 00
Ay) = 2 | =cos— +sin— ,
- (Sin%> 2<0> 2<1>

0 . 0
= cos§|+>+s1n—|—).

2
e Case A_=—n/2:
The eigenvector corresponding to A = % can be obtained from
h{ cos® sin6 o\  hfd
2\ sinf® —cos6 ] 2\ p )’

which leads to 0 0
/ ! -

o'cos— = f3'sin —

2 B 2’

normalization condition:

1 0
oc’*oc’( 1 cot% > s | =1= \oc’|2 (1—|—cot2—) =
cot > 2

0 0
o =sin— and B’ = —.
sin> and B cos >

Hence the eigenvector corresponding to A_ = —% is

.0
sin 5 01 6(0
A) = 2 | =sin= +cos — ,
- (COS%> 2(0> 2<1>
= sin9|+>+cose| )
2 2"
the probability of measuring S, = —#/2 is given by

0
P2 = (= A-)* = cos’ 5
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Exercise 5

Consider the following matrix representation of the x-and y-components of the an-

gular momentum operator

1. Compute L; using the angular momentum operators’ algebraic properties.
2. What is the corresponding value of /, the angular momentum quantum number?

3. Calculate (Ly),(L?) and AL, belonging to the eigenvalue +7

Solution

Using the relation ﬁz = llh [ix,ﬁy} = llh (Ax y—f,yﬁx), we have

) 010 0 —i O ) i 0 —i
PN h h
Ly > 1 01 i 0 i > 00 O ,
010 0O ¢ O i 0 —i
o 2 0 —i O 010 2 —i 0 —i
LyL, = > i 0 —i 1 01 :? 0O 0 O ,
0O ¢ O 010 i 0 i
| 1 0 O
IZZ:i—h(ﬁxiy—ﬁylix):h 00 0
0 0 -1

The diagonalization of this matrix yields the following eigenvalues: —7,0,+h=¢=1
The eigenvectors of L, :
L. |1,m) =nm|1,m)

e Casem=+1:
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1 0 O a a
L, 1)=r] 0 0 0 B |=n| B |=B=y=0.
00 —1 Y Y

normalization condition:
(1,1]1,1) = o> = 1.

So, the eigenvector of L, belonging to the eigenvalue 4% is

1
L)=1]0
0

Proceeding in the same way, we can easily obtain the eigenvector for m =0 and

m=—1:
0 0
11,00=1 1 |[;[1,-1)=] 0
0 1
The mean value of L, in the state |1,1)

5 010 0
L1£L1=—(1oo) 10 1 0o |=o0
ARTAINIER

010
The mean value of L2 in the state |1,1)
A 2 Lo\ /oy
@H@LQ:E(100> 020 |fo0]=7%
1 01 1

Finally,




Chapter 2

Addition of angular momenta

2.1 Addition of two angular momenta

2.1.1 Total angular momentum operator

Let us consider two angular momenta, represented by operators J; and J,, acting
in two spaces € (1) and &€ (2), respectively. Here, € (i) is a vector space of dimension
d = (2j;+1) spanned by the vectors |j;;m;) (i=1,2). In the space associated with
a given particle, each angular momentum operator follows the usual commutation

relationships
[J1:0,] = ingpdy,,  and Dk = ingp,. (2.1)
Since the operators belong to different spaces, their components commute:
[fi:h] =0 (V ij). (2.2)

Now, let us examine the system considered by the combination of the two particles.
We can describe this combined system'’s state space with the tensor product of € (1)
and £(2),

E=E(1)®E(2), (2.3)

which means that the basis of the global system can be constructed by the combi-

nation of the tensor product of the selected bases from the £ (1) and & (2) spaces:

lj1sm1) ®|jasma) = |j1;5 jasmiymy) . (2.4)



2.1 Addition of two angular momenta 33

For the two-particle system, which has two subspaces, we have

Jijsmem) = B (i+1) | jisjasmim), (2.5)
i jsmima) = hmy | jis josmysma) (2.6)
Blisjsmim) = 8 jp(ja+1) 15 j2smima), (2.7)
Lo |jisjasmiym) = hma|ji; jasmisma). (2.8)

The action of the ladder operators fii :J}xj:ifiy on the eigenstate |ji;j2;mi;ma)

reads

Ji s jemim) = w4+ 1) —my (my £ 1) |ji; jasmy £ 1;mg) (2.9)
Lo jjmim) = ki ja(ja+1) —ma(my £ 1) |j1; josmy;ma+1). (2.10)

It is worth to note that the product vectors |ji, j2,mi,m;) form a complete and
orthonormal basis
+j1 o o
Y X |jnj2ymi,ma) (s jasmy,ma| =1
myp=—jimy=—J2 . (211)
. . / / . .
<]17.]25m17m2 |]17.]2>m17m2> - 6m/1,m13m/2.,m2

Now, let us examine on the total angular momentum of the system, J, which is

defined by

= Ji+1, (2.12)
S+ 5, (2.13)

o

The square of the total angular momentum operator, J%, commutes with jlz :
(32,37 = [J%. 3] =o0. (2.14)
In addition fZ = flz —|—f2Z commutes with J?
(3%, 7] =0. (2.15)

Therefore, the four operators J?, J2, J3 and J; can be diagonalized simultaneously by

the same states. Let us show the global (joint) eigenstate by |J,M, ji, j2) =|J,M) .
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Then, we can express

VM = rRIu+1)0,M), (2.16)
M) = mM|J,M), (2.17)
JM)y = w2 (Gi+1),M), (2.18)
BlM) = wj(ja+1)[,M). (2.19)

Here, the set of global eigenvectors |J,M) also form a complete and orthonormal

basis: p
Y Y M) M =1,
J M=—J

(J', M |J,M) = Sy p Sy 5.

(2.20)

Decoupled representation

A vector |ji; josmy;my) = |j1;m1) ®| jo;ma) is a simultaneous eigenstate of the observ-
ables J?; j%, flz and fzz with the respective eigenvalues hzjl (ji+1); hzjz (o+1);
limy and himy. The basis {|ji; j2;m1;mo)} is particularly suited for analyzing the in-
dividual angular momenta, J; and J,, of the two subsystems. This basis is called

the decoupled basis.

Coupled representation

A vector |J,M) is a simultaneous eigenstate of the observables J2;J?; j% and J,
with the respective eigenvalues iJ (J+1);h%j1 (j1+1); #ja(jo+1) and iM. The
basis {|/,M)} is particularly suited for analyzing the total angular momenta. This

basis is called the coupled basis.

2.1.2 Eigenvalues of fz

Theorem 1 The eigenvalues of the JAZ operator hM, where M = m| +my, satisfy the
following condition:
—(1+72) M (ji+j2). (2.21)
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Proof:

First, we act fZ :flz—kfzz, operators on the vectors |ji,j2,m;,my) to obtain the

eigenvalues of J,. We get

it jpmim) = (Jiz D) [jim) © | jaima),
= Jizljum) ®|jasm) + | jrim) @ o | joimo)
= hmy|ji;my) @ |jasma) +[j1;m1) @ (hmy | jasma))
= h(mi+m)|jr,j2,mi,ma) . (2.22)

Thus, M = my +m,. Then, we consider the maximum and minimum values of m; and

my, respectively:
My = J1 and my = jo = Mmax = j1 + j2. (2.23)

=—jrand my . = —j»= Mmin=—(j1+j2)- (2.24)

1min

Therefore, M can take values only in between the following range
—(1+J2) SM=mi+my < (ji+j2). (2.25)
Now, let us study the degree of degeneracy.

e The eigenvalue M = h(j; + j») is non-degenerate since there is only one

possibility to achieve the value M = j| + j», that is: m; = j; and my = j,. Thus,
g§M=ji+j)=1.

e The eigenvalue iM = —7i(j; + j»), is also non-degenerate, since there exists
only a single way to attain the given value M = — (j; + j2), that is: m; = —j;
and my = —j,. Thus, g(M: —(j1 +]2)) :g(M: J1 -I—j2) =1.

e The eigenvalue AiM =i (j1 + jo»— 1) is doubly degenerate, as there are two
possibilities to achieve the value of M = j; + j, — 1, that is: m; = j; —1 and

my = jp, or my = j; and mp = j, —1. Therefore, g(M = j1+ j,—1) =2.

e The eigenvalue iM = h(—j; — jo+1) is also doubly degenerate since it can
be constructed either by m; = —j;+1 and my = —j, or m; = —j; and my = —j»
+1. Thus, g(M: (_jl —j2+1)) :g(M: (j1+j2—1)) =2.
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In general, one can use the "rectangle method" to determine the quantum num-

bers and the degeneracy. The rectangle method consists of the following rules:

- On a coordinate system m; is plotted on the x-axis while m, is plotted on the

y-axis. Each vector is represented by a point with coordinates (m;,m;).

- All points will be inside or on the sides of a rectangle whose four corners have

coordinates:

(J1.02)s (=it j2)s (1,—i2)s (—=j1,—Jj2)- (2.26)

- All points located on the same parallel to the second bisector represent the same
value of M, and thus, the same eigenvalue. Therefore, their quantity is equal

to the degeneracy of that eigenvalue.

(=21) (=11} 0.1y (L1 (2.:1)
R . *--—-——-- 9

& g Z & M=3
! N N .’
N Nl N Ne

o~ Firs |
*1 2, U)\.[ l.n)_‘(u,n} \‘iLD} x’(z,n) _;n,
:\@ \\ \\ \\ i
N \ \ S
I NN \ \ \\ |
I \\\J \ \\ \ |
M=-3¢-—— »--———-- P-—---m=2 SRS Y

Figure 2.1: The rectangular method for the combined system of j; =2,j, = 1. The points
corresponding to a specific M = mj +m;y are situated on a straight line of slope. (for more
details see: [5] Cohen-Tannoudji: Quantum mechanics.)
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2.1.3 Eigenvalues of J?

Theorem 2 Let us assume a system constituted of two particles with angular mo-
menta J; and J,. The only possible values of the total angular momentum, J, can

be in the range of

=l <JI<(ji+j2). (2.27)

Proof:

Let us set m; and my to their maximum values j; and j;. Then, we can write the
maximum value of J, which is
Jmax = j1+ Jo- (2.28)

To determine the minimum value for Jyax, we must utilize the information that there
are a total of (2j;+1)(2j2+1) eigenkets |J,M). For each value of J, there are a

total of 2/ + 1 eigenstates |J,M), so we have

Jmax

21+ 1) 2+ =Y (2/+1). (2.29)
J=Jmin

This sum can be written as

Jmax

Y 27+1) = (2min+ 1)+ 2min+3) + (2min +5) + oo+ (2 max + 1),
J=Jmin

= (2Jmin+ 1)+ 2Jmin+3)+ 2min+5)+ ..+ 21+ j2)+1),(2.30)

Jmax

Y +1)=QGi1+i2)+ D+ QG142 - 1)+ Q201 +j2) =3)+ -+ (2min+1).
J=min

(2.31)
By summing up equations (2.30) and (2.31) term by term, we get
Jmax
Y @ +1)=[(1+ 24+ 1) +Jmin) [(j1 4 j2 + 1) = Jmin] (2.32)

J=Jmin
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By setting this expression equal to the left-hand side of the equation (2.29). We
obtain

(it i+ 1) =J2 = 2i+1)(2j2+1)
P = (i—i)% (2.33)

Therefore, the allowed values of J lie within the range:

1= Rl <JT<ji+ (2.34)

2.1.4 Addition of the spin angular momentum of two electrons with
S=1/2
Let £(1) and € (2) represent the two-dimensional state spaces of particles 1 and 2,

respectively. In this case, the state space of the two-particles system becomes € is

four-dimensional complex vector space, as defined with € =& (1)® € (2).

Decoupled representation |my,m;)

The vectors {|1/2,1/2) =|4),|1/2,—1/2) =|—)} constitute a basis for the two-
dimensional state space of each individual particle. The two-particle system'’s state

space is spanned by the products of these states:

+
@
+
5

I

|+’+>a |+>1 ®|_>2 = |+’_>7
|_7+>a |_>1®|_>25|_7_>' (235)

1l
®
_I_
5
||

By using the relations given in equations (2.5), (2.6), (2.7) and (2.8), we calculate

the matrix of $1_, S5, 87 and 83 in the {|+,+),|+,—),|—,+),|—,—)} basis. We find
<m’1,m’2|§1z lmy,mp) = hm15ml7m/1 5m27m/2
<m/17m/2| S2z |m1’m2> = hm25m1,m’1 my iy ) (236)

A A 2
<m/17m/2|s% |m17m2> - <m/17m/2|S% |m17m2> - %Bmhm’l 'y
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In the matrix form, we can express §;, and $,

o o o 0o 0 o
\ 02 0 o . 0 -20 o0
Si, = > ;S = > : (2.37)
: 00 -3 0 ' 0 0 5 O
h h
00 0 —3 0 0 0 —3
with S% and S% in the form of
0 0 0
" A 0 & 0 0
ST=85= 4 2.38
1 2 0 0 % 0 ( )
0o 0o o &
Coupled representation |S, M)
Now, we intend to form the system’s total spin with the help of
S=8,+8S,, (2.39)
S.=81,+8,,. (2.40)

We recall the allowed values of the total spin angular momentum of two electrons

|s1 — 52| <8 <5142,
~0<S<I. (2.41)

For a given S, the possible values ok M are as follows:

S=1; M=0,xI,
{ (2.42)

S=0;M=0.
The possible eigenstates in the |S,M) basis are

triplet state singlet state
11,1); [1,0); [1,—1); [0,0) . (2.43)
\! ~—~—

-~
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The matrix of $? and S, can be given via

(8',M'|§%|S,M) = h*S (S + 1) 85 5 Sy ', (2.44)
2000
0200
S?=n? , (2.45)
0020
0000
and
(S',M'| 8|S, M) = hM 85 5 Sy a1, (2.46)
10 0 0
R 00 0 0
S.=n (2.47)
00 —1 0
00 0 O

For the two spin-up particles, each with eigenstate |+)
=1, (2.48)

hass the maximum value of total angular momentum. The maximum value of the

total magnetic moment for the system is
Mpax =S =1. (2.49)

For two spin up particles, there is only one possibility, so, one eigenstate in the

|S,M) basis is |1,1). This corresponds to |+,+) in the |m;,m;) basis
L) =[+,+). (2.50)

Then, we employ the operator §_ on the state |1, 1),

R S S
S 11,1y =AavV2|1,0) = |1,0) = ——|1,1) = —— |+, +). 2.51
11, 1) 1,0) = |1,0) h\/§| ) h\/§| ) (2.51)
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to find [1,0) in {|m1,my)} basis. We simply apply S_ =S8 +38, on |my,my) :

. SL +'§2,—
10) = SIS,
1
- o[+-] 252

Then, we proceed with the application of S_ on |1,0)

A

. S
S 11,0) =Aav2|1,—1) = [1,—1) = —1,0),
1,0) | )= | ) hﬂ’ )

5‘1_ +SA2_,
1,—1) = 202y
1) e ),
= |-,-). (2.53)
The vector |0,0) must be a linear combination of |+,—) and |—,+)
‘070>:a’+7_>+b’_a+>7 (254)

where the combination of (2.52) with (2.54) leads to

a+b

0,01]1,0) = =0=a=—b. 2.55
(0,0]1,0) 7 (2:55)
Since |0,0) has to be normalized, we get
<00|00>:|a12+|b|2:1;»a:i (2.56)
,00, 7 :
After substituting this value into equation (2.54), we obtain
0.0)= = 14, 2) =14 (257)
Y - \/§ ) 9 * N

2.2  Clebsch-Gordan Coefficients (CG-C)

The angular momentum state vectors {|J,M)} form a complete basis set in space

E=E(1)®E&(2), which is the same Hilbert space of the angular momentum state
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vectors represented by {|ji, j2,mi,mz)}. So, in this space € =E(1)® E(2), we have
2-basis sets and our objective is to establish the connection between these two
sets of bases.

First, we express the vectors |J,M) in term of |ji, jo,m,m;) as follows:
M) =1|J,M). (2.58)

Then, we introduce the completeness relation

+J1 +Jj2
1=Y Y ljtjzmima){jijz,miml. (2559)
my=—jimy=—j
We find
+J1 +j2
|J7M> = Z Z <.j17j27m17m2 |JaM>|j17.j27m17m2>7
my=—jimy=—ja
+J1 +j2 n
- Z ) Z . Cj;,ml,jz.,mz ‘]17]2vm17m2>7 (260)
my=—jim=-—j2
where
I e = (it 2, ma |1, M) (261)
J1,M1,J2,M2 ) ? ? ? ) .

are called Clebsch-Gordan Coefficients (CG-C). This term represents matrix ele-
ments of a unitary matrix that facilitate the the transformation between different
bases, The dimension of the space & denoted by d; is given by (2j;+1)(2/2+1).
Consequently, our unitary matrix has dimensions of d; by d;. Please note that, the
(CG-C) goes to zero if M # my+myp

<j]7j27m17m2 |J7M>:O if M%m]‘f’mz (262)

Besides, the CG-C are real, in other words, the elements of the unitary matrix are

real valued:
(J1sj2,m1,mp |J,M) = (J,M |j1, jo,m1,m2) . (2.63)

We also know the orthonormality condition

(J',M" |J,M) = &) y Sy - (2.64)
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Now, by employing the completeness relation, given in (2.59),

+J1 +j2 .
Y, Y (M jy, jaamy,ma) (i ja,my,my |T,M) = 8y Sy - (2.65)

my=—jimy=—j2
with equation (2.63), we get

+i +j2
Z Z <j17j27m17m2 ‘J,7M/> <j17j27m17m2 ‘]7M> - 6],]'6M7M/7
my=—jimy=-ja
+i +j2
Y Y Uudami,m [JM) (i, ja,m,ma |,M) = 1. (2.66)

my=—jimy=—jz

Since {|j1,j2,mi,m)} satisfies the orthonormality condition,

<j1,j27m17m2 j1>j27m/17m/2> = 6m1,m'1 5m2,m’27 (267)
we obtain
J
. . . . ! !
Z Z <J17]2;m1;m2 ’J7M> <J7M ’J17]27m17m2> = aml,m’lsmg,m’zv
J M=-J
J
Y Y Gudemi,ma [1,M) (i, joymi,my [1,M) = 1. (2.68)
J M=—J

It is worth noting that, equations (2.66) and (2.68) represent the normality conditions
of the global state |J,M).

J
WMP = Y Y (Ui, jami,my [1,M)) (2.69)
T M——J
+J1 +j2
= Y Y (Unjamimy |l M) (2.70)

2.3 3J Symbols

The CG-C can be expressed in terms of the Wigner coefficients (3J symbols) as

Ji o J )M
( ml mz Ny > = (LT (J1,j2, —m1,—ma |J,M) . (2.71)
1 m V

follows:



44 Addition of angular momenta

The inverse relation reads

| o
<jl,jz,m1,m2|J,M>:(—1)11—J+M\/2J+1(“ 2 ) (2.72)

my my —M

v )2
my my —M
symbol has the following property

Here, the symbol ) is referred to as a Wigner coefficient. The 3J

o
(“ 2 ):0, iy +my+ M £ 0. (2.73)
mp mp M

The 3J symbol remains unchanged when the columns undergo on an even permu-

. . J J . . . J .
)2 _ v\ _ [ 2 i) (2.74)
mp mp M M mp mp my M mi

On the contrary, an odd permutation of the columns is analogous to multiplying by
the coefficient (—1)/17/2+/

tation

(_1)j1+j2+l jl jz J _ j2 j] J . (2'75)
my my M my, m M
Orthogonality properties of the Wigner 3j symbols read
o J o J
= 1 Oy - 2.76
‘]ZM< m mpy M ) ( mll m/2 M ) my,nty Cny,m;, ( )
Z jl j2 J j] j2 J/ _ 6]’7J6M’7M3 (.]1]2‘]) (2 77)
mimy, \ M1 M2 M mp my M’ 2J+1 ’ ’
where
L L, b |jp—pl<I<jhi+i
8 (j1jad) = il ST<jit (2.78)
0, otherwise
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2.4 Addition of three angular momenta

2.41 Total angular momentum operator

Consider 3-angular momentum operators jl, jz and j3 of magnitudes ji, jo» and js.
Let us assume that these operators act in 3-spaces € (1),& (2) and & (3) respectively.
In this case, the total angular momentum reads J=3J,+J3+J; where J;, J, and
J3 stand for the commuting operators.

When combining three angular momenta, we have the following basis for Hilbert
space

|j15m1) @ | j2sma) @ | j3imy) = | j1; jos j3smisma;my) . (2.79)

The global system’s state space can be described with the tensor product of £(1),
€(2), and €(3)
E=E(1)®ER)®E(3). (2.80)

Therefore, the dimensionality of the global state space reads
d=2j1+1)2j+1)(2j3+1). (2.81)

There are different ways of forming the vector of total angular momentum J:

J1 , Jo Jo , J3 J1 , J3

—_——— —_—— —_———
Ji2 , J3} J23 ) Jll . Ji3 ,

J ; J ; J

1. We can first couple jl and jz to construct the angular momentum 3172
jl,z =Ji +Jo, (2.82)
Then, we couple j172 and j3 to construct the total angular momentum J

J=Ji2+7s (2.83)
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In this scheme, the eigenvector is as follows:

|1 2) 23, My =Y (i josmi,ma |12, My )

mj

<J1,27j3aM1,27m3 |J>M> |j17j27j37m17m27m3> (284)

and it is common for J%, J%, J%, J%z, J? and J.. The corresponding quantum

numbers ji, j2, j3, J12 and J satisfy the triangular conditions

11— jo| <J12 < ji+ jas 12— j3| ST <o+ ja (2.85)

. Instead of the first way, we can couple first 1 +jg = 3273, and then J; +jz’3 =J

In this way, the eigenvector reads

s (2o 3) g MY =Y (o, j3,ma,ms3 |3, Ma 3)

mj

(j1,92,3, Mo 3,my |J, M) |j1, ja, j3,m1,mz,m3) (2.86)

and it is common for J%, J%, J%, J%3, J? and J.. Here, the quantum numbers j,

J2, J3, J2,3 and J follow the following triangular conditions

j2 = 31 <3 < o+ s s —ji| ST < s+ i (2.87)

. Instead of the previous two ways, one can couple first J; and Js, to obtain

3173. This vector gets values between |j; — j3| and jj + j3. Then, the resulting

vector can be derived via J;3+J2 =J. In this way, the eigenvector reads

(1 j3) 302, MYy =Y (it jsumy,ms |Jy 3, M) 3)

m;

(13,2, M1 3,my | ], M) |j1, jo, j3,m1,m2,m3)(2.88)

and it is common for J%, J%, 32 J% 35 J? and J.. The quantum numbers J obeys

the triangular conditions

13— 2| ST <3+ o (2.89)
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2.5 6J symbol

Among the three sets of eigenvectors, given in equations (2.84-2.88), it's possible to
find transformations that establish connections between these different bases. We

can express this type of transformation formally as follows:

jts (s 3) 23,0, M) = Y (v, j2)J1 2, J350 |, (2o j3) J2.3,0) | (s d2) I 2, 350, M)
Jr3

(2.90)
The coefficients in (2.90) do not depend on the projection quantum number M. We

can express this transformation in the following form:

(G, d2) 12, s d s (2, d3) J2.3,0) = \/(211,2+ 1) 213+ 1)W (j1, j2,J, j3:J12,02.3) -
(2.91)
The term that stands on the right-hand side, W (ji, j2,J, j3;J12,J23) is called the
Racah W-coefficient.
In this formalism, Wigner's 6J symbol is defined by

{ Z b ; }: (_1)a+b+c+dw(a,b,C,d;e,f>, (2.92)
C

and sometimes it is utilized in place of the Racah coefficient. The definition of the

6J-symbol in terms of the 3J-symbols reads

jl j2 J1,2 Y jiA Y b4 Y mi+Y
— —1 Ji i i i
{ J N3 } Z Z (=1)

J3 My, m3 ml mly mly

o I3 o b 4
m; mp ms —my mhy —mj

0 2 A T £
x < / / ) ( o . (293)
—my  —my My my —m, m3

It is worth noting that the 6J symbol remains unchanged under the following sym-

metry transformation:

e Any permutation of columns.
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e Under exchange of the j's in rows 1 and 2 for any 2-columns

VAR T O I B B (N I R X B G IV AR A IO K
B3 J D3 JoJ2 23 B3 oJ2 iz ;3 J Jip

(2.94)

2.6  Wigner-Eckart Theorem

Scalar operators

A

One can define a scalar operator, A, as an operator that commutes with the three

components of the total angular momentum.

[ﬁ,A] —0. (2.95)

A A

Examples of scalar operators: L-S, £-p, ...

Vector operators

An operator V is considered a vector operator if its components V,, V;, and V; satisfy

the following commutation relations:
[,V = ine; Vi (2.96)
Examples of vector operators: p, £, J, ...

Irreducible tensor operator

An irreducible tensor operator of rank k is defined as a set of 2k+ 1 functions,
(k)

denoted as f’q (—k < g <k), which transform under the 2k+ 1 dimensional repre-

sentation of the rotation group.
7 =Y 7ORW (2.97)

~(k . . . . .
The components of Tq( ) of can be defined by their commutation relations with the

components of the total angular momentum vector of the system on wich the tensor
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component act. Specifically,

[fi, fq(")] =ny/k(k+1)—qq£ DT, (2.98)
[J;, Tq(”] = ngT®. (2.99)

Any scalar operator is an irreducible tensor operator of rank 0 and having only one

e a( &
component. The quantities Tq( ) related to the components of vector operators V

) o 1o
TV =0y TV =— (D), (2.100)

&

form an irreducible tensor operator of rank 1.

Wigner-Eckart theorem

. : (k)
The matrix element of spherical tensor operator Tq( ) with respect to the angular

momentum (/; and J) takes the form
(o, | T e jom) = (kg | fom) (o 11130 | )

where o, a’ are quantum numbers. The factor <Oc’,j’ | Tq(k) I (X,j> is called the
reduced matrix element, and (j,k,m,q,| j/,m') is just the CG-C for two angular mo-
menta. The proof of this theorem is given in several different textbooks.

The implication of the Wigner-Eckart theorem is that the matrix element
<a’,j’,m’ | Tq(k) | Oc,j,m> can be expressed as a product of terms that it's indepen-

dent of g, m and m’ , combined with the Clebsch-Gordan coefficient

Wigner-Eckart theorem for a scalar operator The scalar operator is an irreducible

tensor operator of rank 0, we have

(o, fm | A e jm) = (j.0m0] /.m') (e, | Al @), (2:101)
the coefficient (j,0,m,0| j',m’) is zero unless j' = j and m=m,

<a’,j’,m’|A|oc,j,m>=<a’,j||A|!oc,j>. (2.102)
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Wigner-Eckart theorem for a vector operator

As we know, a vector operator is an irreducible tensor operator of rank 1
(o ' ml [ Vy | e, jm) = (j.Lmg | j'm') (o (| Vg || @, ), (2.103)

here, the coefficients (j,0,m,0| j/,m') equal to zero except for |j—1| < j < j+1 and

m+qg=m'.

Projection Theorem

The Projection theorem asserts that for any vector operator V; and j#0:

<oc’,j’,m/|\7,~|a,j,m>:< o 5‘: Z)‘)a’]’m><oc’,j’,m’|f|oc,j,m>. (2.104)

An important application of the projection theorem is the calculation of the Landé
g-factor for a particle possessing both orbital angular momentum ¢ and spin angular

momentum s. By using the magnetic moment of an electron

7= <L+ZS> (2.105)

and the Landé factor

(o ,j,m' | L | o, j,m) zgz,sﬁ (o, j,m" | T | a,j,m), (2.106)

one can obtain

8ts =

In order to calculate factor "J- (I:+2§) ", we employ
j (I:+2S):j- <j+§):jz+j-§, (2.107)

(2.108)
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thus,

X e A\ A L2328 332 12 82
(L 2): 2 Tt S R
J-(L+28) =] e =+

Hence, in a state with definite values of j, s, and ¢, we find

(' jom| (F-L+5) o jm)
8ts = . 5
Y mj(j+1)
1= (1) +s(s+1)
2j(j+1) '

= 1+

(2.109)
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2.7 Exercises

Exercise 1

Find the energy levels and their degeneracies for a system of two nonidentical spin

1/2 particles with Hamiltonian

) /A N X A
=23 (83+83) - 2 (S +52).

where & is a constant.

Solution

The four operators S%,S%,ﬁlz,gzz form a complete set of commuting operators; they
can thus be jointly diagonalized by the same states. Denoting their joint eigenstates

by [s1,s2,m1,m2),
S7 [s1,52,m1,mp) = Wsi (si+1) |s1,52,m1,m3) ,

Si. |s1,82,m1,mp) = hm; |s1,s2,m1,ma) .

The eigenvalues of H are thus given by
H |s1,52,m1,ma) = & (s1(s1+ 1) +s2(s2+ 1) —my —ma) |s1,52,m1,ma) .

The matrix of H can be given via

S O O =
S O v O
O Nw O O
N O O O

The eigenvalues of H are

& 3g 3& 5¢;
Eypip= §§E1/2,—1/2 = 7;5—1/2,1/2 = 7§E—1/2,—1/2 =5

the energy Eyp 120 =E_1)212= 3—§"ls twofold degenerate, since it corresponds to
two different states.
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Exercise 2

Consider two nonidentical spin s=1/2 particles with Hamiltonian

€ /A~ a2 & ,a N
H:h—g(sl—f—sz) _h_g<51z+52z) ,

where & is a constant. Find the energy levels and their degeneracies

Solution

We introduce the total angular momentum of the system, S, which is defined by

>

S: l+§27

and
S;= Slz + SZZ-
The square of the total angular momentum operator, §2, commutes with §;,
52.87] = [82.82] =o.

In addition S, commutes with S§?

Therefore, the four operators Sz,Sz,S% and §; can be diagonalized simultaneously
by the same states,

S*|S,M) =1*S(S+1)IS,M),
S.|S,M)=hM|S,M).

The allowed values of the total spin angular momentum of two particles are
0<S8<1
and for a given §, the possible values of M are as follows:

—S<MZS
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So, we may write H as

The eigenvalues of H are thus given by
HI|S,M) =g (S(S+1)—M?)|S,M).

The matrix of H can be given via

S o O =
S O N O
S = O O
o O O O

The eigenvalues of H are
E\ 1 =¢€yE10=2€:E11 = &:E)0=0.

the energy E1_1 = Ej 1 = & is twofold degenerate, since it corresponds to two
different states.
Exercise 3

This problem demonstrates the Zeeman effect for a one-electron atom with the
valency electron in a state with £ =1. The Hamiltonian for the system consists of

the coupling of orbital and spin angular momenta and magnetic terms,

Denote the 3-eigenfunction of L, by my,mg,m_, the eigenfunction of S, by a and

and the product eigenfunction by

X1 = 0Omy, Y3 = 0mp, x5 = m_i,

X2 = ﬁmlyxﬁl = Bm07X6 = Bm—la
Show the following

1
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Hy, = cuxis  HYe= cesXe,
Hy, = cox;  Hys=cn)+c33xs,
Hys = ca4)4+cas5Xs5; H s = csa)a+css)s,

where

cii = 2e+W; cp=cs5s=-W,
o6 = —26+W; c33=—c44=§,
23¢ = c3p = C45 = C54 = \/EW; &€= ‘LLBB

3 The eigenvalues E of the Hamiltonian have the values

W te; % [(S—W)i\/(g+w)2+zwz] : % [— (8+W):i:\/(£—W)2_|_2W2] .

Solution

1

A an (Li+L ) (S +S_ L. —L )(S.—-S) . .
:(++ ) (S++8-)  (Ls ) (S >+Lsz
4 4
LS erLS+ L8
So, the Hamiltonian is
B . o . A n A 2W . A
H="P 0 25y + V(1.8 +1.8,) + WEs.
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For L., and S. we have
ﬁzml = hml;ﬁzmo = Oml;ﬁzm_l = —hm_q,

S;a = Eoc;SZﬁ = _Eﬁ'

To obtain Hy;, we calculate the result of each term in H

[

(£Z+2,§Z) Xl = ;_'l (ﬁz+2§2) mo=2mo=x,

St —

For x», we have

2We o W

B . A " A A
HBD (L, +28;) + ?LZSZ +— (LsS- +L_S+)} Bm

H%2=[h

= [% (L, +2S;) Bmi + ?Lzszﬁml + = (LyS_+L_8y) ﬁml]

= X2+ C3X3-

The matrix of the operator H on the basis of the y; is

2e4+W 0 0 0 0 0
0 -W V2w 0 0 0
o 0 V2W € 0 0 0
0 0 0 —&  V2W 0
0 0 0 V2w —-w 0
0 0 0 0 0 —2e+W

The eigenvalues E of the Hamiltonian are

1 1
5(e—W)j:5\/82+2£W+9W2,

W +2¢,
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1
—(8—|—W):|:5\/82—28W—|—9W2.

Exercise 4

Consider a hydrogen atom in the 1s state. Denote the z component of the Pauli spin
operator for the electron by o, and its eigenstates by ¢, and f3,, with corresponding

notation for the proton nucleus. The Hamiltonian for the system is given by
H = B (U0, + WyCp,) + W0, - 0p,

For B =0, Show that the eigenstates of H are aw, BB, (aff +Ba)/\/2, with
energy W, and(aB —Ba) /v/2,—3W . (The first a and B in each product refers to

the electron and the second to the proton.)

Solution

When B=0, H=Wo,-06,. Then

o, 0,000 = (0,,0p, + 0., 0p, + 0 0p,) 00,
= BB—-BB+aa=aa.

o, 0,0 = (0.0, + G, Cp, + O, op.) ap,
= (2Ba—oap).

o.-opfa = (0.0p, +0C.,0p +0..0p )P,
= 2Ba—Po.

Hence

o.-op(af+pa) = af+Ba,
o.-0p(af—Ba) = —3(af—-Pa).

The states aa, (a8 +Ba) /v/2,BB are normalised eigenfunction of H with eigen-

value W, and the state (af — Bat) /v/2 is a normalised eigenfunction with eigenvalue
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—3W.

Exercise 5

Consider a set of 3-operators T,,, m =0,1,—1 such that

Tn:r = (_1)me’
[fi,Tm]Zh 2—m(mi1)Tmi1,
[J2, Tn] = BT,

where J are the total angular momentum operators. Evaluate the m’, m” depen-
dence of the matrix elements (j,m’|T,,| j,m”).
Express in terms of 3 x 3 matrices.

Solution

We begin by taking

o By
To=1]1 6 € ¢
U v K
Then using
[/ To] =0,
-1 00 o By —-a —B -y
LTy = 0 00 6 ¢ € |=]1 0 o0 0 [,
0 01 u v kK u vV K
a B vy -1 00 —a 0 vy
o). = 5 £ ¢ 0 00 |=|-60c¢],
u v kK 0 01 -u 0
0 —-B -2y
)= § 0 —¢& |=0
2u v 0
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we find

Next, we use

we find

Similarly, we use

we find

0 0 0
o—E& € 0
0 e—x 0

The condition T, = (—1)"T,, show that the 3-numbers o, ¢, k are real. Further-

more, if we use

we find

Therefore

V4 T] = [, T ] =0,

o K
o0—2e+Kk=0=—¢€= %2—
T =="2%f
T v

K—O ~
— ‘]_7
2\/2h
K—O A K+ o
Ty = — _
0 )



Chapter 3

Central Potentials

3.1 General Treatment

In this chapter, we examine the structure of the three-dimensional Schrodinger
equation for a particle of mass u which moves under the effect of a spherically
symmetric potential, V (£) =V (#). The dynamics of the system is encoded in the

solutions of the time-independent Schrodinger equation:

P
B v —ev). 31)
or _h2
[WA +V (f)} () =Ey(@). (3.2)

Since central potentials are spherically symmetric, using spherical coordinates is
more appropriate. For the transformation between the cartesian and spherical

coordinates, the usual definition
x=rsinBcos@; y=rsinOsin@; y=rcos6. (3.3)

can be used. In spherical coordinate systems, a three-dimensional volume element
reads:

dV = r*drsin0dede, (3.4)
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and therefore, the normalization integral for the wave function takes the form of

—+oo
/ dr/ as | 7 dorsin® |y (r.0.0): = (35)

The Laplacian operator, A, can be separated into radial and angular components in

the following manner

_ 19 ‘9+11i-9i+19_2 36
2ar\" or sin690 \""°90) " sinf@dp?]|’ (3:6)

or alternatively as follows

19 (,0 L2
A= 23, -3 (3.7)
or al’ r2h
where L2 is the square of the orbital angular momentum. If we employ equation

(3.7) in (3.2), we obtain the folowing equation

Hy (f) = Ey (f), 3.8)

where

A

P1d(,0 i2 A
H=— ﬂﬁ%( ar>+2ur2+V(r). (3.9)

It is worth noting that the Hamiltonian operator commutes with the square of the

orbital angular operator L.2.
[H,L%] =0. (3.10)

Moreover, it commutes with each angular momentum operator L;,

[H,L;] =0. (3.11)

Therefore, a common basis set of eigenfunctions for the operators H, L., L, should
exist. To obtain that solution, we focus on equation (3.9) which admits the decom-

position of the wave function into radial and angular components

Y () = R (1) Yo (6,9). 3.12)
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Recalling
%Y, (0,0) =120(0+1)Y0,0(6,9), (3.13)

we substitute equations (3.12) and (3.13) into equation (3.9). We get

wod(,d R0+ 1)
{_2,ur25 (r E) +V(n+ 2ur? Ry o(r) =Ey Ry (r). (3.14)

The latter equation depends on radial coordinates and it does not stand with the
same form of one-dimensional Schrodinger equation. However, with the following
transformation

R, (r) = M (3.15)

-
equation (3.14) takes the same form with the Schrédinger equation

n d?
—EW—Fveff (7‘) Un,é (l’) :EnygUmg (r), (316)

with an effective potential definition

R2(0+1)

Veps (r) =V (r)+ 22 (3.17)

R20(041)
2ur?
that the energy eigenvalues of the system, E,y, do not rely upon the azimuthal

Here, the term is called the centrifugal force potential. It is worth noting

quantum number, m. Consequently, the energy eigenvalues E, ¢ is just (2¢+ 1)-fold

degenerate.

3.2 Normalization conditions

As mentioned in the previous section (3.1), the solutions of the Schrédinger equation
can be constructed in the following way:

v ="y, . (60.9). 319

Then, the radial wave function U, ,(r) has to satisfy the following equation

n? d? R (0+1)
————FV(F)—FW

2u dr? Un (r) = EpUpny(r). (3.19)
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On the other hand, the eigenfunctions must be normalizable. Given that the spheri-
cal harmonics are normalized to unity, the eigenfunctions corresponding to discrete

eigenvalues need to satisfy the following condition:

/dr|1//(r)|2 :/O+mdr}Un’g(r)|2 —1. (3.20)

If E lies in the continuous part of the spectrum, then the eigenfunctions should

satisfy the following condition:

/ dr |y (r)]2 = O+°° drU; (r) U (r) = 8 (E— E'). (3.21)

3.3 Free Particle

3.3.1 Radial equation

In this case, V (r) =0, and the spectrum energy varies continuously ( £ > 0). The
free particle can be considered as a particular case of central potentials since
the effective potential is not equal to zero. As demonstrated in section (3.1), the
wave function can be separated into the radial and angular components as y (t) =

Ry (r)Yem (0,9). The radial equation of a free particle reads

{1 d <2d>_£(€‘2f‘1> +k2:|Rk7€(r):O7 (3.22)

—_— ’/‘ JE—
r2dr dr r
in spherical coordinates, or

0> 92  9?
{W et +k2} W () =0, 3.23)

: . : 2UE . . .
in Cartesian coordinates. Here, k* = :—2 One can easily verify that the de Broglie

K7

wave function. y =e , is a specific solution of the latter equation.

Now, let us introduce the dimensionless variable p = kr. Then, equation (3.22)
takes the form ) ( )
d 2.d (l+1

- 4+1-——""IR =0. 3.24

[dp2+pdp+ 7 ] ke(p) (3.24)

This differential equation is Bessel's differential equation and its solutions are the
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Bessel functions,

regular at the origin diverge at the origin
Rie(p) =Ay je(p) + By ny(p) : (3.25)
—— ——
where ¢
) (1 d) sinp
Jo =(— —— , 3.26
01 =o' (5a0) (320
is the spherical Bessel function, and
(1 d Ecosp
ny =(— —— , 3.27
o) =0 (55) = 327

is the spherical Neumann function. The Neumann functions, ny(p), exhibit diver-
gence at the origin. So they are not suitable solutions for this problem. Conse-
quently, only the spherical Bessel functions, j;(p), constitute the eigenfunctions of

the free particle

v(E)= Jje(p)Yem(0,0). (3.28)

Now, let us examine some specific cases, starting with the spherical states for which

¢ =0. In this case, we have

jop)="2L and tim jo(p) =1, (3.29)
p—0
Therefore, )
Reo(p) = Ao "L P9 Ay £ 0. (3.30)

For ¢ =0, the probability density at the origin is non-zero |Rk’g (p)} . This is due to
the absence of the centrifugal barrier for £ =0.

Finally, let us consider the case where ¢ >> 1. In this situation, we have

Je (p) = p — 07
Rio (p) = p' =3 0. (3:31)

which shows that the wave function tends to zero.
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3.3.2 Plane waves and spherical waves

The eigenfunction of a free particle in spherical coordinates stands

Viem (7)) = jo(kr)Yem(0,0). (3.32)

This function is the spherical plane wave

T =Y g i (kr) Yo (6,0). (3.33)

{m

So, the problem is to find the expansion of the coefficients ay .

We can always select the z-axis of our problem to lie along £,

? .7 =krcos8, and m=0, (3.34)
- 20+1
eltreesd = y° e agjo (kr) Py (cos ). (3.35)
7 4r

Here, we've utilized the relationship between Y, (6,¢) and the Legendre polyno-
mial, Py (cos0). To determine the coefficient a;, we use the orthogonality relation of

the Legendre polynomials, which is given by

2
2041

/Pg (cosB) Py (cosO)dcosO = Op - (3.36)
By multiplying both sides of equation (3.35) by Py (cos0), and subsequently inte-

grating over 6 using equation (3.36), we arrive at

1 1
/ RTS8 p, (o5 0) dcos 0 = ———— ayjy (kr). (3.37)
-1 T(20+1)
There exist various methods to derive a;. One approach involves a direct calculation
of the integral on the right-hand side as outlined in (I. S. Gradshteyn: Table of

Integrals, Series, and Products). The outcome is reiterated here:

+1
/ e*reosOp, (cos @) dcos @ = 2i jy (kr). (3.38)
-1
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Comparing equations (3.37) and (3.38), we find

ap=i'\/4m (20+1). (3.39)

When we substitute equation (3.39) back into equation (3.35), we obtain

plkreos® _ Zif (26 + ]) Je (kr) Py (COS 9) . (3.40)
l

3.4 3-dimensional Square Well Potential

Now, let us examine another problem: a particle with a mass u in a square well

potential. Here, we consider the potential energy in the form of

Vo, r<a

V() = { _ (3.41)

0, r>a

By substituting equation (3.41) into equation (3.14), we get

2 2
{ . d(rzd)+M}Rn7é(r):(E+VO)ang(r), for0<r<a, (342)

_2ur25 dr 2ur?
and
I d +—h2€(£+1) Ru¢(r) =ER,;(r) for r > (3.43)
_ iy wt(r) =ER, (1), or r>a. .
2urtdr dr 2ur? & x
For the bound state solutions, —Vy < E <0, first we perform a change of variable
p= @r: kr. Then, equation (3.42) becomes

dp? " pdp p2

22 1
{d d 1 e+ )}Rg(p)=0, for0<r<a. (3.44)

This differential equation is commonly known as the Bessel differential equation, it

has a solution in terms of the Bessel functions,

2m (E —+ V())

e r|, for0<r<a. (3.45)

Ry (kr)=Cy je(p) =Cr ji
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where Cy stands for the normalization constant. For the solution outside the well,

ki =iy /—2;‘—2}5. (3.46)

Then, the solutions outside the well potential will be expressed by the linear com-

r > a, we define

binations of j, (ikir) and ny (ik;r):
Ries (r) =By WY (ikyr) = By Ljo (ki) +ing (ki 7)), for r > a. (3.47)

By using the fact that the radial wave function and its derivative must exhibit

continuity at the point of potential discontinuity 'r =a”, we write

2m(E +Vp)
hz

2le() . sz() 2 (1) .
Ve ’2(\/7_@ =B ). (349

These conditions yield an equation for the allowed discrete energy eigenvalues of

o ([
WY (ikia)  [2mVy 116(\/ an 1k1“>
1) ,. - 212 :
by (ikia) 7k j€< /%—lk1a>

3.5 Harmonic Oscillator

Cg jg a :Bg hg (ikla), (348)

and,

the form

(3.50)

3.5.1 Anisotropic three-dimensional harmonic oscillator

Let us consider a scenario where a particle is moving in a three-dimensional

anisotropic oscillator potential defined by

H H H
V(X,y,Z) :_w%x2+_w22y2+_w32z2, (351)

2 2 2
In fact, this potential form allows us to consider it as the sum of three separate
equations where the first, second, and third equations only depend on x, y, and z,

respectively. Therefore, we can write the Schrodinger equation by utilizing variable
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separation for x, y and z
HV[: [HX+HY+HZ]W(x7y7Z):El/j(xvy,z)a (352)

where the Hamilton operator components stand for

2
_D . 2.2
Hx—%Jrja)lx
_ Py p 2.2
_ Pz H 2.2
Hz—m+§w3Z

Because of the symmetry, we can consider the wave function, ¥ (x,y,z), as the

product of three functions that depend on a single variable each

V(xyz) =2 F ()¥(2). (3.54)

By inserting equation (3.54) into equation (3.52), and then, dividing by the product

®(x)F (v)¥(z), we arrive at the following expression:

1Py M, 1 p 12, M
o + F+ 2y Depl?| =E. 3,55

[d>2u 2 ¢ r2u 26"2 Tl T2® (3:53)
Here, we observe that each individual equation in the square brackets depends on
one of the variables, and their sum is equal to a constant denoted with E. This
shows us that each of these distinct equations can be taken as a constant, where
their sum matches the value of E. In this case, the equations that depends on the

X, y, and z-variables read:

) i
[5—; + %w%ﬁ_ d — £d. (3.56)
) -
Py M
p; K o]
[ﬁ + wazz_ ¥ o= gV, (3.58)

where
&+ée+¢e=E. (3.59)
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We know that the energy eigenvalues corresponding to the potential V (x) = 5 wyx

can be expressed as
1 :
& =hw | ny+ 5 ) with n, =0,1,2, ..., (3.60)

with the corresponding wave function

@, — ! T, (Vifuar). (3.61)
Nz Z RN

where H,, <\/h/ma)1x> denotes the Hermite polynomials. Taking into account the

other two components, the total eigenvalue

1 1 1

and wave functions read:

1 mo
w”xny"z(x’y’z) - e_Thlsz”x ( v h/uwﬂ)
\/\/ﬁznxnx!\/h/uwl

x ! e TV H, ( 7 /uwzy> (3.63)
\/ﬁzny”y! VI ey
X 1 ei%zanz < h/,LLCO32> ,

JVaEznd /e

for ny,ny,n, =0,1,2,...

3.5.2 Isotropic three-dimensional harmonic oscillator

Now, let us handle a similar scenario where the particle moves under the influence
of a three-dimensional isotropic oscillator potential,
ma)z 2

V(r)= 5T (3.64)
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Substituting equation (3.64) into equation (3.19), we get

W od> uw® 5, R(041)
[—Ed?'i‘ 3 r-—+ 2[,”‘2 :|Un’7€(r)_En/,€Un/,€<r)7 (365)

which can be rewritten as

{dz pre® , L(E+1) N 2UE,

pr A 2 h2 ]Un/,e(r)=0. (3.66)

First, let us examine the behavior of the solutions at the asymptotic limits. At r — 0,

the dominant terms read:

£ e

W r2 :| Unl7£ (I”) = O, (367)

and they admit the following solution
Uy (r) =A™ + Bor ™. (3.68)

For the normalization, we have to set B=0. Now, let us consider the other asymp-

totic limit, r = o, where equation (3.66) takes the form

&2 ule?
{W— " r2] Uy 4 (r) =0. (3.69)

In this case, the solution stands for:

po 2

Un’j (}") ~ e_ﬁr . (370)
By combining the asymptotic solutions obtained in equations (3.68) and (3.70), we
formulate a general form of solution for equation (3.66) as follows:

2

U(r)=rte 578, ,(r), (3.71)

Substituting the latter equation into (3.66), we obtain an equation that must be

satisfied by &, (r)

—(20+3) % By 0 (r) = 0. (3.72)

[dz Jr2(6-1—1 Lo ) d 2UEy,

TR R S e
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Now, we define a dimensionless variable
w="—r" (3.73)

which leads the equation to take the following form

) d En/7g_(2€—|—3)] _

d? 3
_ R RalBy == V. 74
{%d;ﬂ + (“ 2 ) dx e T 4 e () =0 (3.74)

We find that this equation is the same equation as that for the associated Laguerre

polynomials

& 4.
{%m + (OH— 1— %) E +I’l:| ) (%) =0, (375)

which has the following solutions
- 1/2
o (30) = LU (50, (3.76)

where n’ is non-negative integer number. The simple match of these equations

produces the energy quantization

E, (25 + 3) ,
ot _ - 377
2hw A " (3.77)

which can be rewritten as
3
E, =ho <n—i—§> , n=0,1,2,..., (3.78)

where n =2n'+ /. Here, we observe that the quantum number / is associated with

n as follows:
n=0, n=0/¢=0,

n=1, n=0/(=1,
=2, n=0,0=2, or W=1,(=0,
n=3; n=0/¢=3, or n=1/(=1.

(3.79)

This shows that the ground state of the isotropic three-dimensional harmonic os-

cillator, (n=0;¢ =0), has an energy eigenvalue Epg = ShTw is not degenerate. We

note that all energy levels for n > 1 are degenerate, and the relationship describing
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h

the degeneracy for the n'* energy level can be given as follows:

En = w (3.80)

Before ending this problem. let us to sum up our findings about the radial eigen-

functions of the isotropic three-dimensional harmonic oscillator.

o 1
Unr7£ (I’) = en/7gl"g+l€_%7r2l,r(l,€+2) (%I”Z) ) (381)

where €, is the normalization constant, which can be established through the

following relation

toeo o)l

/ e ALY () LY (5)ds = w&,’m. (3.82)

0 n!

In this case, the normalization constant reads:
J4
Hwy>+1/4 21’

Cyp= (—) e 3.83
"\ (W +e+1)! 383)

Finally, we can write the most general expression of the wave functions of the

isotropic three-dimensional harmonic oscillator as follows:

)4
Uy 2 +1/4 2n'! ¢ koo (+3) (U@ ,
n' f.m r,@, :(_) -1~ e 2hrL/ : <_r)ym97 )
Y 0 (1,6, 9) > TR » - tm(6,9)
(3.84)
where
LY(x)=1 Li(x)=2
LY (x)=—x+1 L3 (x) = —6x+18
LY (x) =x>—4x+2 L3 (x) = 12x% — 96x + 144
Li(x)=1 L3 (x)=6
Ll (x)=-2x+4 L3 (x) = —24x+ 96
L} (x) = 2x2 — 18x+ 18 | L3 (x) = 60x* — 600x + 1200

Table 3.1: Some associated Laguerre polynomials.
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3.6 Coulomb Potential

In this section, we will examine the radial Schrodinger equation of a single electron

moving in a Coulomb potential

V(r)=-""=, (3.85)

Here, —e is the electron charge. We start by substituting the Coulomb potential to
equation (3.19).

m? d>  Ze® R (0+1)
[_ﬂﬁ_T—’—W} Un’,ﬁ (l’) _En’,éUn’,Z (I’) (3‘86)

To achieve our goal, which is to find the solution Uy ,(r) and to determine the

allowed energy levels E,; 4, we first analyze the behavior of the solution at r — oo,

[ d*> 2UE,y

&+ }U,l,,m):o, (387)

that has the general solution as

72“En’,‘
U g (r) ~e= o5, (3.88)

On the other hand, for r — 0, equation (3.86) reduces to

> ((0+1
|:d7 - %] Un/,f (I") = O, (389)
and it admits the solution
Uy g (r) ~ 't (3.90)

By combining equations (3.88) and (3.90), we represent the solution of equation

(3.86) in the following form

Upo(r)=r""e (). (3.91)
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Then, we substitute equation (3.91) into equation (3.86). The radial equation be-

comes

2ME, [((+1) 702
42 <€+ 1 A /—ZLLEn/7g> d — 7 L + Ilhze

dr? * r h dr * r Fue(r)

(3.92)

Using the change of variables

\/—2UE,;
K — 2# and p = «r, (3.93)
equation (3.92) reduces to
E s —p - (P2 ) F =0 (3.94)
pa’p2 pdp o2 e \r)="Y, .

which admits solution in terms of the associated Laguerre polynomials

/—21Ey
Fuwe(r)=L (2—“ ’Zr>, (3.95)

n+4 )

with
B 2uZe?

Kh?

With the help of the latter notation, n =n'+/£¢+1 where n is called the princi-

n+{+1)=n (3.96)

pal quantum number and n’ is the radial quantum number, we obtain the energy

eigenvalue function in the form of

;,LZZe4

= e

forn=1,2,3,---. (3.97)
For a specific n value, the quantum number ¢ is restricted to a range of values from
0 to n—1, and for each ¢, the quantum number m takes the following values (2¢+ 1),
where —¢ <m < /. We observe that the degeneracy of state n, is given by the total
number of different states associated with n, which is then

n—1

gn=Y, (20+1)=n" (3.98)
(=0
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3.7 The Hydrogen Atom

Essentially, the hydrogen atom is the simplest and most fundamental atom in the
universe. It consists of two main components: proton and electron. In this case,
the potential is not spherically symmetric, however, it depends upon the distance
between the proton and the electron.
In non-relativistic quantum mechanics, we represent the Schrodinger equation
for hydrogen atom as follows:
1’ i

_%Ap — Z_HeAe +V (|re—rp|) | w(re,xp) = Ey(re,ry). (3.99)

Here, the subscripts "p" and "e" denote the proton and electron, respectively, and

V (lr, —r,|) corresponds to the Coulomb potential that depends only on the distance
e~ Ip

between the electron and the proton.

As done in standard textbooks, we introduce the relative coordinate "r" and the

center of mass coordinate "R",

R _Heret 1Ty

r=r,—rp, 3.100
He + Up © P ( )

Using the new variables in equation (3.99), we obtain

2 1?
where
W=fetp, and M=-tetr (3.102)

e+ 1y

Now, let us seek the solution in the following form
y(Rr)=®(R)¥P(r) and E=ER+E,. (3.103)

After we employ equation (3.103) in equation (3.101) and divide both sides with
@ (R)W¥ (r), we obtain the following set of equations:
h2

527 8%® (R) = Ex® (R), (3.104)
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h2
{—EAMLV m] W (r) = £ (r). (3.105)

Here, W (r) describes the motion of a particle influenced by the Coulomb potential

'V (r)', while ®(R) dictates the motion of a free particle with the center of mass

system. The solution of equation (3.104) has the form

ei?.?

®(R) = ) (3.106)

where ? is the wave vector associated with the center of mass. The center of mass
energy, Eg = % is a constant and does not introduce a physical meaning.

On the other hand, equation (3.105) is the Schrodinger equation of the massive
particle of u that moves in a Coulomb potential which has the following solution

already derived in the previous subsection

2ue? 3/2 n—0—1)! [2uer ¢ _uer 2uer
\ym&m(r):_( u > ( ) < u ) ¢ Lile( th )g&m(e,(p).

nh? 2n[(n+0)1° \ ni?
(3.107)
with )
ue o
Er,n,éz_%, for n = 1,2,3,... (3108)

In table 3.2, we provide the first few wave functions ¥, ¢, (r) associated with the

particular set of quantum numbers (n,¢,m). In conclusion, the hydrogen atom’s

wave function
La—fi Ze—r a
/4

1 —3/2(~_r\ ,—r/2a
4 127Ta 3/2 <2 a>e /2
— L —r a
—4\/12—7[41 3/2ac0s Qe. ,
— L 1 l(P —r/Zd
_4\/5‘1 asm@e Ae
-1 La%/zgsinee_"”e_r/za

421

- O Ol
- O © O3

Table 3.2: The first few wave functions ¥, ¢, (r) of the hydrogen atom (where a = "—hz)
e Ue

bound states can be represented by using three subscripts, which correspond to
the values of n, £ and m. Alternatively, in chemistry, the value of ¢ is denoted with
the following letter formalism.

In fact, the letters s,p,d, and f have their origins in spectroscopy, and they
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Letter | s | p|d| f|g
¢ 01234

represent the terms sharp, principal, diffuse, and fundamental. Consequently, the
ground-state wave function W (r) is referred to as Wi, (r) or, more straightfor-

wardly, as 1s.
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3.8 Exercises

Exercise 1

An electron is confined to the interior of a hollow spherical cavity of radius R with
impenetrable walls. Determine the expression for the pressure exerted on the walls

of the cavity by the electron in its ground state.

Solution

For the ground state, £ =0, and if we set the radial wave function as U (r) = %x (r),

then x (r) is given by

[ d> 2uE

W—i__hz ]%(F)ZO for r <R,

x(r)=0 forr>R.
The solutions of the Schrodinger equation is

x (r) = Ae* + Be™*;  with k= %

The continuity conditions of the wave function at r =0 yield

— A=—-B=>x(r) =Csin(kr).

the condition x (0) = 0, gives
A=—-B= x(r) =Csin(kr),

while x (R) =0, gives
k=" =123,
R

for which
Wn2r?
" 2uR?
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The average force F acting radially on the walls by the electron is given by

F——iE
 OR"

As the electron is in the ground state, n =1 and

2
T
Fo T g
R3u
The pressure exerted on the walls is
_F  mw?
P= 4R = 3uRs

Exercise 2

A particle of mass m is constrained to move between two concentric impermeable
spheres of radius r =a and r =b. Find the ground state energy and normalized

wave function.

Solution

For the ground state, the radial wave function of the particle U (r) = 1 (r) satisfies

the equation

d> 2uE
|:W h—2:|X(r):O fOI'ClSI"Sb,
the wave function of the particle must be zero outside the boundary. The solutions
are

x (a) _ Aeikr _}_Be—ikr.

The wave function vanishes at r =a and r = b,
1. atr=a
x(a) = Ae*t 4 Be7ka — () — B = —Ae*e
x (r) =Csinlk(r—a)].

2:atr=>»
x (b) =Csinlk(b—a)] =0= k,(b—a) =nmn.
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For the particle in the ground state, i.e,, n =1, we obtain the energy

K2

E=——" .
2p(b—a)

From the normalization condition

b b
/a X (r))*dr = |C|2/a sin? [k, (r—a)] = 1.

After some algebra we find

Exercise 3

a: The actions of the operators p, and # on a radial wave function ¢ (r) are given

by

a: Find the commutator [p,,7], and Ap,Ar.

2 92
b: Show that p? = —7’7%;’

Solution

a: We have 7¢ (r) =r¢ (r) and

hlod
pelo) = [T 9 ni] 00
hl o ho
= I;Efz‘lb(r)—yg’@(”)
h
= 7¢(”)-

Using the uncertainty relation for a pair of operators A and B and AAAB >
$([A,B]), we write

1, _h
Apedr = 5 {[profl) = 5.
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b: p2:
82
520 (1) = st (1) = 12~ L1 (r).

r dr?

Exercise 4

Forn=1/4=0,m=0 and n=2,/ =1,m =0, determine the radius r at which the
radial probability density of the hydrogen atom achieves its maximum value.
Solution

1: For n=1,£ =0 the radial wave function is Rjo(r) = %/ze_%. The probability
4

density is given by

4r= _2r
P10=”2’R10(r)|2:—3€ “,
4

The maximum point rpax :

0 8 2
_PIOZ_;.<1_L)e aOZOérmax:ao.
ar a, ao

2: For n =2,/ =1,m =0 the the radial wave function is Ry; (r) 20, The

g ;e
2\/6a(5)/2
probability density is given by

1 _r
Py =Ry (r)]* = 5r4e @ |
24ay

The maximum point rpay :

0 = r\ _-r
— P = 4 — — @ = () — = daqp.
or 24a(5) ( ao) ¢ Fma 0



Chapter 4

Approximation Methods

41 Time-independent Perturbation Theory

411 Statement of the problem

A quantum system with the time-independent Hamiltonian Hy is classified as an
exactly solvable system if its energy eigenvalues and corresponding eigenstates
can be determined analytically. However, there are many problems for which it
becomes impossible to solve the Schrodinger equation directly. In such cases, it is

necessary to use approximate methods to estimate the solutions.

41.2 The Method

Let us express the Hamiltonian of a given system in the following manner:
H=Hy+W, (4.1)

where Hj represents the unperturbed Hamiltonian, which we know the exact energy
levels and corresponding eigenstates, and W denotes the perturbing Hamiltonian.

Let us show the known exact solution with

Hy ¢r£0)> — £\

"), (42)

(0)

where E,”’ corresponds to the unperturbed energies and is assumed to form a

. 0 . :
discrete spectrum. Here, ¢,§ )> are the unperturbed states associated with these
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energy eigenvalues. It is worth emphasizing that the set of vectors ’¢,§0)> form a

complete and orthonormal basis:

(0 ]0”) = e (43)
;]¢,§°)><¢,§°)‘ - 1. (4.4)

Now, we intend to find the energy levels and eigenstates of the full Hamilton
operator.
H|Y,) = (Hy+W)|¥,) =E,|¥,). (4.5)

For the perturbation, we assume
W=AV, where A<<1landAeR. (4.6)

Since eigenvectors may or may not be degenerate, we have to examine the formalism

in two different scenarios each of which requires a unique approach.

4.1.3 Non-degenerate case

In the perturbation theory the energy, E,, and the eigenvectors, |¥,), rely on the
perturbation parameter, A, which can be expanded in powers of the perturbation

parameter in the following manner:

E, = EV4AEW 4 22EP 4.4 AkEW 4. (4.7)
) = (o) a o)+ a2 0P ) 42k o) (4.8)

By substituting these expansions into the eigenvalue equation of H, we get

¢;§°)>+A ¢,§”>+...+A’< ¢,§k)>+...>,
- <E,§0)+lE,(,1)+...> <\¢,?>+7L|¢,}>+...+M ¢,§")>+,,_>_(4,9)

(Ho+AV)|[¥,) = (Ho+AV) <

It is worth noting that for A =0 equation (4.9) reduces to the unperturbed eigenvalue
problem stated in equation (4.2). Since A is an arbitrarily small parameter, it's
necessary to match the coefficients of successive powers of A on both sides of the

equation (4.9).
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e Zeroth term:
Hy

0.) =\

¢,§°)>. (4.10)

e First order correction:

Ho o) +v [0y = £ i) + BV |0)7) (4.11)
e Second order correction:
Ho|os ) +v i) = B |0P) + 7 | i) + B 0)”) (4.12)

Zeroth-order correction

The zeroth-order correction term in A is already verified by the initial assumption.

First-order correction

First, we multiply equation (4.11) with <¢,§0)’ from the left side

(007 HoJoa") + (0" v ]oi”) =E” (0" |oi") + B (0

Since Hj is Hermitian, the first term on the left side cancels with the first term

¢,£°)> . (413)

on the right side. Therefore, we get the first-order perturbed energy eigenvalue

correction as follows:

E = (00|

¢,$°>> . (4.14)

: . . . 0
Thus, we can express the eigenvalue E, of the Hamiltonian H, associated with E,(l ),

up to the first order perturbation with

E,—EY 42 <¢,§°) ‘ %

¢,§°>> . (4.15)

Now, let us determine

¢,£1)>. To this end, we multiply equation (4.11) with <¢k(0)‘
where k # n. We get

(0] (o~ E9)

oo -)

¢,§°)> ~0. (4.16)
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By using the zeroth-order equation, we obtain

(B2 - E2) (9" |8) + (9| v |91} =o. (4.17)
Therefore, we can write
(0) (0)
(@ |v]e”)
<¢k(0) ¢}$1)> = E,?) —E,Q , with k # n. (4.18)
By multiplying equation (4.18) with ‘q)k(o)>, we find
(0) (0)
i o V[e”)
)= g e ). o

After we substitute equation (4.19) into equation (4.8), we can express the eigen-

function |¥,) of H to first order in A as follows:

O]y (0
@) = ¢,§°)> +7Lk§;1 <ZO)V£0) > ’¢,§0)>. (4.20)

Second order correction

To obtain the second order correction of the energy eigenvalue function, we multiply
equation (4.12) with <¢,§0)‘ from the left. Then, taking into account the orthonor-

mality condition, we find

£ = (o |v]oi"). (4.21)

We employ equation (4.19) in equation (4.21) and get

Ll e
N k#n n —E;

(o)

0

E?

(4.22)
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To express the final form. we substitute equations (4.14) and (4.22) in equation(4.11).

Then, the eigenvalue function, E,, up to the second-order of the perturbation reads:

o)
E;SO) o EIEO)

0|V

E=EV 42 (0" |V]o”) +22 Y ! (4.23)
kn

Similarly, one can systematically obtain all orders of corrections of energy eigen-

value and eigenfunctions.

4.1.4 Degenerate case

Now, let us employ the perturbation theory to derive a system’s energy spectrum
and eigenstates whose unperturbed Hamiltonian Hy is degenerate. First, we con-

¢,E701)> and ’(P,EOZ)> that share

sider a scenario where there exist two original states,

the same unperturbed energy

Ho o)) =B |0\)) for i=1.2. (4.24)
Here, we assume that
0 0
<¢r5,,-) ¢,§,}> =8 (4.25)

. o 0 0
Because of the degeneracy, any linear combination of ‘(]),E 1)> and ‘¢r52)> would also

serve as an eigenstate of the Hamiltonian, Hy, with the energy E,(ZO)

¢r€0)> =

Here, oy and o are constants. Substituting equation (4.26) into equation (4.11),

¢}$701)> T 0

6\9). (4.26)

we have

(o= ") Eer o) + (v = 57) (o

0\))+02610)) =0, (4.27)

where

o) =Eeilol”).
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Then, we multiply equation (4.27) on the left with the state <¢22)’. We get

a <V11 —E,S”) F oV =0

, (4.28)
Vo + o (sz —E,(,l)> =0

where
vii= (07| o). (4.29)

This is a system of two homogeneous linear equations for the coefficients o; (i =1,2),

which are non-zero only when the determinant

Vij— E,(,l)&-j‘ equals zero

(1)
Vi1 —E V
11— En 12 o | = 0 (4.30)
Va1 Voo —E,
This expression sets a constraint as
2
E,(l = (Vi1 +V22)E;gl) + Vi1V — |V12|2 = 0. (4.31)

This second-order equation has two possible solutions

1
E,S )t _ V11'5V22 + %\/(Vll _V22)2—|—4|V12’2

) , (4.32)
EV = Yukn 1 v i) 44 |viaf?

Generalization Here, we examined two-fold degeneracy, however, in general, it
can be g,-fold. Therefore, we better derive a more general expression. Let us

consider the case

Hy

o) = £

n,i

¢(°)> with i=1,2,.. g, (4.33)

n,i

and assume that

o). (4.34)

8n
10,) = ;az-

Substitution of this in equation (4.11) gives us

(Ho - EI’(10)> ;Ck

gﬂ

o)+ (v-E) Y o
i=1

¢,§2)> —0. (4.35)
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Then, we multiply it with <¢(0) , from the left. We get

n,j

8n W
Z (Vi’j —E, Sij) o = 0, (436)
i=1
which represents a system of g, simultaneous linear equations in the coefficients
o;. A non-trivial solution for this set of equations exists if and only if the following
determinant equals zero
vii—EY v v
1,1 n 1,2 . . 1,gn
1
Vap ~E"
=0. (4.37)

Vi, . . . Ve, q, — ESV

Please note that the solution of this equation produces correction on the energy

eigenvalue function only according to the first-order perturbation.

4.1.5 Example: Spin-Orbit Coupling

The spin-orbit interaction in the hydrogen atom originates from the interaction
8

mec’

between the spin magnetic moment, ﬁ = — of the electron and the orbital
magnetic field, F generated by the proton. In this case, the Hamiltonian of the

system can be divided into two components,

H=Hy+W, (4.38)
where ?2 2
Hy=—"-—— 4,
=L -2, (4.39

is the unperturbed Hamiltonian, and the perturbed Hamiltonian is given by

1 1d A 2 1, 4
SEyv(nE-§=-"—21.-8, (4.40)

2mec r3

- 2mec rdr

Here m, is the electron mass, and c is the speed of light. To incorporate the
electron’s spin in the context of the hydrogen atom, we can construct the total

wave function of hydrogen by combining the spatial and spin components. In fact,



4.1 Time-independent Perturbation Theory 89

we can use either
e the joint eigenstates |n,¢,s,my,mg) of 1227S2,1:Z,S},
or
e the joint eigenstates |n,¢,s,J,M) of I:z,Sz,jz,fz

We choose the second option and express the eigenvalue of the Hamiltonian to

the first-order perturbation as

En=E" + (n,0,5,,M|W |n,¢,5,0,M) (4.41)
where 3.6
E,(lo) - — 2' ev,
n

are the energy levels of hydrogen. Now, let us introduce the total angular momen-

tum B,
A A —L°—
L-S :¥. (4.42)
By substituting equation (4.42) in equation (4.41), we obtain
2 2_f2_&
(0 e 1 J-—L--S
E, = E, + e (n,0,s,J,M| PR n,0,s,J,M),
2.2 3
0 T +1)—L(0+1)—7] 1
= E, A = |n,0) . 4.4
* e (n,6] 5 n, ) (443)
For <%> we have (see N. Zettili p.389).
1 2m,e?
(n,t| = |n,0) = et 5 (4.44)
r m3l(l+1)(20+ 1)k

Therefore, the Spin-orbit energy shift reads:

AT+ —L(+1)—3
(n,l,s,J,M|W|n, 0, s,J, M) = % ST RIT ) (4.45)
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4.2 Variational Method

4.2.1 A property of the ground state energy of the system

Let us consider a one-dimensional quantum system characterized by a time-
independent Hamiltonian, H, in which we know the exact non-degenerate bound

state energy levels and their corresponding eigenstates,

H |¢n> =E, |¢n>a <¢m |¢n> = (4.46)

with the condition
Ey<E|<E,... (4.47)

For any ), it is possible to compute energy expectation values,

(P|H|D)

(E@) =5 (4.48)

Now, let us expand the kets in terms of the exact eigenket of the Hamiltonian
D) =Y an|en), (4.49)
n=0

where a, = (¢, |®). After substituting |®) with Y. (¢, |P)|d,), we obtain
n=0

(D |P) = Z Za an (O |0n) = Z Zamn5nm Z |an| (4.50)

m=0n= m=0n=

and

(@ H|D)= ) Za an(Om|H|9w) = Y. Enlanl” > Y Eolan|?, (4.51)
n=0 n=0

m=0n=

which turns equation(4.48) to

(PIHIP)  p (452)

E@) =Ty 2

This is quite a significant result since it implies that the average energy value is

always greater than or equal to the energy of the ground state.
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4.2.2 Ritz's Theorem

Theorem 3 When the ket |®) is varied |®+ d®) , then the average value of the
Hamiltonian (E (®)) is stationary when |®) is close to an eigenvector of the Hamil-
tonian |®) ~ |¢y).

Proof:

According to equation (4.48), we can write
(E) (D |P) = (P|H|PD). (4.53)
Now, let us vary |®) infinitesimally
|P) — |P) + |0D). (4.54)
Then, we consider the variation of the equation (4.53)
6 (@ @) (E)) = (6@ |@) (E) + (P [6D) (E) + (P |P) & (E), (4.55)

with

5 (D|H|D) = (5P| H |®) + (®|H|5D). (4.56)

After we compare equations (4.55) and (4.56), we get
(@ [@) 5 (E) = (6| (H — (E)) [®) + ([ (H — (E)) |6D). (457)
(E) is stationary if 6 (E) =0. Hence,
(8D|[H — (E)] |} + (@] [H — (E)]|5®) = 0. (458)
Now, let us introduce the ket |F), that is defined by
[H —(E)]|®) =[F). (4.59)
Then, equation (4.58) reads:

(8D |F)+ (F |6®) = 0. (4.60)
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The latter equation has to be true for any infinitesimal ket, |6®). In particular, if

we consider
|6®) =S8A|F), where 84 << 1 and real, (4.61)

then equation (4.60) transforms into
26A(F |[F)=0=(F |[F)=0=1|F)=0. (4.62)
Taken into account the definition of equation (4.59), we conclude that
H|®) = (E)|®P). (4.63)

This result shows that |®) must be an eigenstate of H for its expectation value to be
stationary. Moreover, this establishes that the expectation value of the Hamiltonian

remains stationary in the vicinity of its eigenstates.

4.2.3 Variational Technique

The Ritz method consists of:

e We select a trial function |y (A)) that takes into account all the physical

characteristics of the ground state.

e Then, we calculate the energy's expectation value,

W H )
BA) =@y (464

e After that, we minimize the expectation value by finding the root Ay of

d
S Eo(A) T 0. (4.65)

e Finally, we substitute the root value, Ay, into equation (4.64) to derive an
estimated energy value. The resultant value, Ey (Ag), provides an upper bound
for the exact ground state energy Ey. Consequently, The reel ground state

eigenstate |@g) is approximated by the state |y (4p)).
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It is worth noting that this procedure can be readily extended to scenarios in-

volving multiple parameters A;(i = 1,2,..), for which we find the roots of %Eo (A).
1

In addition, a critical point of the Ey(A) might not always correspond to a mini-

mum. The nature of these critical points can be partly categorized by the second

92Eo()

derivative 557, computed at the critical point.
L]

4.2.4 Example: Helium Atom

Let us examine the Helium atom "He" as an example where its Hamilton operator

reads: ) )
pPi . D> 2% 2¢? 2¢?

= et == 4.66
2m+2m r l”2+| 1— 2| ( )

We introduce the trial function

Y (r1,r2) =P (1) Po(r2), (4.67)

with an adjustable scale parameter o as

1 (r +r)
v (r,m) = (W) e @, a>0. (4.68)

At first, we have to calculate

W@v(@) = [drdhrn)®n) [dEe;m) o).

1 oo 2r oo 2r
— 1672 (—3) / Pe =t dr, / e Fdr.  (4.69)
T 0 0

Here, we use the basic integral

oo n!

X"e Pdx =

i T (4.70)

and thus, we obtain

(w(a) |y (a)) = 1. (4.71)
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Next, we calculate (y(a)|H |y ()), which has to be evaluated in three different
terms. The first integral is with the kinetic terms

w1 \? ‘o /A2 2dN\ _n teo
@) Lway = S5 (o) 16w [ et (L 2L ) edan [ e Y

2m \ wa3
_hZ 1 2 5 4o 5 1 2 oy 400 5 S
= S (mx3> 167 /0 r; (ocz — OU’;) e @ dr,-/o rie adr;

~

2
_ ﬁ (4.72)
where the second one is with the interactions of proton and electrons
1 1\? ) [T fo0 > 2
@l tl@) = (o) 167 [ reEan [ e Yan
= é, (4.73)

and the third one is with the interactions of electrons

_2(rgtr)

(v (@) =5 v () = (W) [ S a7

Here, we can apply the Fourier transform

! 1 AT K (P -T
= dk,
71—-72  (2n) 2

(4.75)

which allows us to evaluate it as

1 e (r1+r2
W@ o lv(@) = & / / TSR a7 a7,
_ 1 K7 -2

- <7r(1x3)2(271r)3(12ﬂ)2 gﬁé)z]m

5
= — 4.76
% (4.76)

Y




4.3 WKB method 95

After summing up these three results, we obtain the expectation value

Eo (o) = (v (@) H () = 21 (477)
that has a minimum value
iEO () = e 2 0, (4.78)
oo mod 8o
" 161°
=595 (4.79)

For this value of the parameter, the Hamiltonian's expectation value yields

27\
E()(Otmin>:2 E EH, (480)
where A
me
Ey=——, 4.81

is the ground state energy of the Hydrogen atom.

4.3 WKB method

4.31 General formalism

The Wentzel-Kramers-Brillouin (WKB) formalism, published almost simultaneously
with the publication of the Schrodinger equation in 1926, is a semiclassical tech-
nique of quantum mechanics, where the wave function is approximated as an expo-
nential function having slowly changing amplitude and phase in comparison to the
de-Broglie wavelength A.

Precisely, in this approximation, we investigate the particle’s motion in one
dimension with a time-independent potential V (x).

d*  2m

SR E-VW)|y=0. (482)

In a specific scenario, where the potential is just a constant V (x) =V, wave function
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the solutions arise in the form of plane waves,
o :tipx
Y = Ae it (4.83)

Here, A is a constant and 4 is the de-Broglie wavelength of the particle via A = f—)

and p=+/2m(E —Vj).
If the potential energy varies very slowly via the location, then the solution of

the Schrodinger equation can be considered as
y(x) = A (x)enS™, (4.84)

where S (x) an unknown complex function. Then, by substituting equation (4.84) into

equation (4.82), we get

, 1 2 2m
A —?(s’) A+?(E—V(x))A:0, (4.85)
28'A" +87A =0, (4.86)
which can be reduced to
/ 2 2A”
()" =n 1 +2m(E -V (x)), (4.87)
(s'4%) =o0. (4.88)

The integration of equation (4.88) yields:

A= (4.89)

where C is the integration constant. By substituting equation (4.89) into equation

(4.87), we obtain:
(5/)2_7’_2 3857\ _sY
2 2\s s

If we expand S(x) in a power series in 7, i.e.,

+2m(E—V (x)). (4.90)

S(x) = So+hSy +h>Sy + ... (4.91)



4.3 WKB method 97

then we get
(Sh)> =2m(E—V (x)). (4.92)

after using the expansion in equation (4.89) and retaining only the zeroth order

terms. Now, we can consider the integration in equation (4.92)

So(x) = + / " /2m(E—V (w))du. (4.93)

Here, we have to deal with two cases, E >V (x) and E <V (x) cases, respectively.

To this end, let us define p(x) in the following form for each cases:
p(x)=+2m(E—-V(x)), if E>V(x), (4.94)

px)=+2m((V(x)—E), if E<V(x). (4.95)

In the allowed region, where E >V (x), the general solution takes the form of a
combination of two fundamental solutions with waves propagating in opposite di-
rections:

A irpdey B i pdn (4.96)

P (%) P (%)

On the other hand, in the forbidden region, where V (x) > E, the wave functions

VWwKB =

fade according to

e — (O L ——— A (O (4.97)
p

4.3.2 Criterion for the validity of the approximation

The approximation leading to the wave function given in equation (4.96) is valid

when the following condition is satisfied,

hSy”
(S6)°

<<1, (4.98)

which can be written as
d (n/S)

L. 4.99
| << (4.99)
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Since Sj, (x) = £p(x), we can simplify the equation (4.99) to

1 |dA
— | — 1 4100
o7 |dx| S5 (4.100)
where
h
A=—, (4.101)
p(x)

This condition implies that de-Broglie wavelength has to alter slightly. Therefore,
it is clear that this approach is not valid at the classical turning points, E =V (xj)
where p(x) = 0. Classically, the particle stops at the turning points and subse-
quently reverses its direction. When the magnitude of p(x) becomes small, then
the wavelength as given in equation (4.101) becomes large, and hence, the require-
ment is violated. As a summary, the WKB formalism is valid in both the permitted

and forbidden regions, but not at the classical turning points.

4.3.3 Bound State

Let us consider a potential well that does not have rigid walls, as shown in figure
(4.1).

A
V(x)

: -

| I i

Xy X2 X

Figure 4.1: Potential with no rigid walls.
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In the three regions, the wave function can be written as follows:

v = e , x<xi. (4.102)

v, = L_pfi [ p()dx . —2_mrlpWdx < x. (4.103)

Vi = enn ;o X>x (4.104)

Now, let us emphasize several points:

e The WKB method is applicable except at the classical turning points x = x;

and x = x,.

e The wave function must decay exponentially in the first and third regions as
X — oo,

e The wave function must oscillate in the second region.

Connection of y; to y3

The wave function can be re-written as

s = f(x) sin (% /x 0 du+5’) . (4.105)

Near the turning point x = x;, we Taylor expand V (x) to first order

V(x)=E+(x—x2)Fy, where Fy= iV (x) (4.106)
dx P
and then we substitute equation (4.106) into equation (4.82). We obtain
d2
{W—y] v =0. (4.107)

1/3
where y = (;—’;’F()) (x—x2). The exact solution of the above equation can expressed

in terms of Airy functions, Ai(y):

v =AAi(y). (4.108)
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Here, we have to recall the asymptotic forms of the Airy functions for large positive
and negative values:

sin[%(fy)S/er%]

Ai ~ y<<0

(/4
. e%@(ﬂ ») : (4.109)
Ai ~ W, y>> 0
With the help of equation (4.94), we write
pP=2m(x—x)Fy=— (2mhF0)2/3 Y, (4.110)

Thus, o
| (o 2
E/ p(u)du=/ Vydy = 5(—y)3/2- (4.111)
x y

By inserting this equation into equation (4.109), we obtain:

7 (2mnFy) '/ sin[§ i p(u)du+%] r <<

— NZ3 \/77 )
V= ) (2mhFy) /6 3 e ludu . (4.112)
A V21 NG ) X>>X)

By the comparison of this equation with equation (4.105), we find the relations

Y'mhF 1/6 YmhF 1/6
5= poa@mR) T o= a PR (4.113)
4 VT V2n
Consequently, equation (4.103) reads:
D 1 [» T
= sin | — du+— ). 4114
h=—rm (. rwant ) (4114
Connection of yg to v,
The wave function of the second region can be written as
D 1/
W, = Sin (—/ p(u)du—|—5>. (4.115)
plx)  \Jy
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Then, by using the same strategy, one can obtain the required relations:

mhF) /6 mhF) /0
s=" D:A/M ot C1:A’M. (4.116)
4 \/E V2T
to express the wave function
D I [ T
= sin| — u)du+—|. 4117
h=—e (3] poas) (4.117)

Quantization condition

Since both solutions, namely equations (4.114) and (4.117), belong to the second

region, they must be the same.

]l))(x) sin <%/:P(u)du—l—%) = f(x) sin (%/XXZP(u)du+§) , (4.118)

In fact, these equations have the same form, Dsin@ = Dsin¢. This condition is

fulfilled if we consider the following two relations:
D= (1)"D, (4.119)

and

X du+h/ du+——7m+7r (4.120)

The latter equation can be rewritten as follows:

x 1
/zp(x)dx:nh (n+§), withn=0.1,... (4.121)

X
In conclusion, the general quantization condition of the WKB approximation reads:
2p(x)dx=mh(n+3), for potential well with no rigid walls,

S
J2p(x)dx=mh(n+3), for potential well with one rigid wall, (4.122)
/

2 p(x)dx = 7hn, for potential well with two rigid walls.
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4.3.4 Example

Example 1:

Let us consider a particle in one dimension influenced by a potential V (x) = a|x

’

and calculate the energy spectrum using the WKB method.

Solution:
This is a problem with no wall but with two turning points at x; = —% and xp = %
First, we express the momentum of the particle with

p(x)=+/2m(E —alx]). (4.123)

Then, we substitute it in equation(4.121). We obtain:

| VamE=aldax = /O ‘/M+/o§ 2’"(E_ax)dx:h("+%>’

E

1 @
E
0 “

3/2
+V2ma [—% (E—x) ] ,
_E 0

a

= \/ﬁ[% <§+x)3/2

3/2
_ gﬂ(5> . (4.124)

After the simplification, we find the energy spectrum function

( 3h 1\ *?
E,=———al|n+= . Where n=0,1,2,3,---. (4.125)
4v/2m ( 2))

Example 2:

Let us apply the WKB method to compute the energy eigenvalues of a massive

particle confined in a one-dimensional box with walls located at x =0 and x = L.

Solution:

This is a problem with two rigid walls x =0 and x = L. First, let us express the

momentum of the particle
p(x) =V2mE. (4.126)
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Then, according to equation (4.122) we obtain the energy spectrum

X L
/ ’ p(x)dx= / V2mEdx = whn. (4.127)
x 0

1

Thus,
V2mEL = wthn, (4.128)

After taking the square of the latter form, we get

232 2
h
E":nz,n—ﬁ’ where n=1,2,3,---. (4.129)

4.4 Time-dependent Perturbation Theory

4.41 General theory

Time dependence forces the formalism to be constructed using the time-dependent
Schrodinger equation. Therefore, with a very small real-valued perturbation pa-

rameter, A << 1 and A €R, we consider

HIy (1)) = [Ho-+ AV ()] lw () = in 5 [y (1) (4130)

Here, time-dependent potential, V (¢), represents an observable of the same order
of magnitude Hy which remains zero for t < 0. The Hamiltonian Hy is a known
and time-independent operator. Here, known means that its energy spectrum and

corresponding eigenstates are determined via the following equation
HO‘q)n> :En’q)n> (4'131)

Here, E, corresponds to the unperturbed energies, which are assumed to form

a discrete spectrum. Moreover, |®,) are the unperturbed states associated with

these energies. It is worth noting that the set of vectors,

®,), form a complete and

orthonormal basis.

(P |Pn) = Gy, and )| [ @) (P] = 1. (4.132)

Let us suppose that the system is in the initial state,

vt =0)) = ;).
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On the other hand, |®,) are no longer eigenstates of H. Since they form a

complete basis, we can expand |y (¢)) in its basis
1)) :ch (t)|Pn) (4.133)
n
where

Cm (1) = (Pm [W). (4.134)

By substituting equation (4.133) into equation (4.130), we obtain

d
ch )Ho |®,) +ch W(t)|®,) = ihzgcn (1) |®,). (4.135)

Then, we multiply it with (®,| from the left. With the help of the orthogonality

condition, we get

d

Epcm (t +7Lch = ifi=—cn m (1), (4.136)

where
Vinn (1) = (Pm| V (t) | Dn) - (4.137)

Now, we introduce a perturbation parameter A, analogous to the situation in time-

independent perturbation theory, as follows:

Z?Lan Je éEnr:e—%Ent[?) O +rc () + 222 O+ (4138)

Substituting equation (4.138) into equation (4.136), we find

Z,’LJ+1 zwmntvmn( ) (J ) th)LI 8tam)( )’ (4.139)

n,j

where

When we match the coefficients of A/ on both sides of the equation, we obtain

e Zeroth order correction
Zad% 1) =0, (4.140)
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thus,
al?) (1) = ! = Constant. (4.141)

al = 8. (4.142)
e First order correction
Y Oty (1) al (1) = iha—aw (1). (4.143)
n
Substituting equation (4.142) into equation (4.143), we get
ih%a,(n]) (1) = eV, (1), (4.144)

therefore,
n = h/ ”""’SV s. (4.145)

By incorporating equations (4.145) and (4.142) into equation (4.138), and sub-
sequently inserting them into equation (4.133), we derive the state |y (z)) of the

system at time ¢, up to the first order parameter as follows:

A’e Wyt

v (6) = e 15 @)+ )

t .
{ / iy, (s) ds} D, . (4.146)
n#i 0

Utilizing the perturbation theory, we compute the transition probability, namely
Pz, from the initial state i at t =0 to a different state f (where i # f) at time t.

Keeping the definition of the transition probability in mind,

Pir=[(@f W ()], (4.147)

We substitute equation (4.146) into equation (4.147). We find

2 2

r .
:Pi—>f:§ /O eV i (s)ds (4.148)
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4.4.2 Special cases

Constant perturbation

Let us suppose that the time-dependent potential W (¢) takes the following form:

0 ifr<O

WU)ZWO):{ W) ifr>0 "

(4.149)

By substituting equation (4.149) into equation (4.145), we find the transition ampli-

tudes to first order in perturbation theory as

(D VD) [ i
all (I)Z_W/ ¢S s,
0

or equivalently as
(Pn| V| i)

a0 =" 0

(1 — eiw"vit) .

Therefore, the transition probability reads:

‘<¢)f|W|q)i>‘2 o 112 [ O O
P; = NZJT TRV | it ( it t>’
i—f hza)ii ’ e e 2 el
(@] w @y sin® (%)
h? 0y )
o

Sinusoidal perturbation

Let us assume that the perturbation has a sinusoidal time dependence

V() oV .
V(t)=V (r)coswt = %em + ér)e—z(ot'

By employing this form in equation (4.26), we get

oo .
asll) (1) = iV {/ et(wn,,-+w)sds+/ ez(a)n_i—w)sds} '
2 | Jo 0

(4.150)

(4.151)

(4.152)

(4.153)

(4.154)
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After performing the integration, we obtain

V. i(wn7i+w)z -1 i(wn,i—w)t -1
alV (1) = — 2 | € +° (4.155)
2h | (it o) (0, — @)
Then, the transition probability reads:
’Wfi’2 dlonsro) _ 1 (o) _y 2
Ping="—"75 + (4.156)
4h (@, 7+ o) (05— o)

If we suppose @, r ~ ®, then the transition probability takes the form of

‘vai‘z sin? [(a)mf — a)) t/2}
n (0n - )’

:Piaf =

Here, we note that the transition probability reaches its peak value at @, r = o.

2
i : Wyl . i :
The central peak has a height of -5~ and narrows over the time.
4n?

Interaction of atoms with electromagnetic radiation

The quantum-mechanical Hamiltonian describing a charged particle in the presence
of magnetic radiation, characterized by a vector potential A (7,t), can be expressed

as follows:

1 2
H = ——(ﬁ+fﬁ), (4.157)
2m c
?2 2
e — e — s —
= 2 4+ - HFA+—A. A2 4158
2m + 2mc? + 2mc ? + 2mc? ( )

. —, . . i,
Neglecting the term A “ and imposing the Coulomb gauge condition on the vector

potential
V.-A =0, (4.159)

we re-write equation (4.157) as follows:

H=Hy+V(), (4.160)
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whereas the explicit forms of Hy and V (¢) reads:

?2
Ho= 7. (4.161)

and

Vi)=-2"24-F. (4.162)

2mc
If we assume that the incident radiation takes the form of a plane wave with a
specific polarization, ¢, and propagates along the direction 7, then the vector

L
potential A can be represented by

2rhe? [ i(F7- _i(E7-
5 _ e (e(k7 wt>+e (¥7 wt))?' (4.163)
(0}
Using the vector potential in(4.162) leads to
V(t) =de ' +dTe®, (4.164)
where
e 27rhc 7
d = — lk ? 4165
2me N ov ? ( )
L LGS (4.166)
2me N ov '

Then, the transition probability associated with this perturbation can be derived
from (4.148),

1 t t 2

Pioy = |dy; / dOri=@)sgs v qt, / eOrit@)sgg (4.167)
0 *Jo
Successful integration yields to:
. . 2

1 el(ﬂ)fﬁ,‘-ﬂ))l‘ -1 ez(a)f,,-—i—w)t o 1
Pisy = — (Pf|d|®i) ————=—+(Pf|d" |®) ——— 4.168
i—f 72 < f’ | D) ((Df,i—w) < f‘ |Pi) (wf7i+w) ( )
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By ignoring the cross terms, which are considered to be negligible in comparison

to the other two terms, we rewrite the latter equation as

4 sin? [(wf; — @) 1/2 4 sin? a);+a)t22
e e L A e L L
L (0 — @) h (0 + @)

(4.169)

We take the long times limit, ( — o), and make use the relation
tim 5000 _ s 4170
lim —— = =75 (), (4.170)

so that, the transmission probability reads:

2 2
fPl'_>f = é ‘<q)f’d’q)i>|27t5 (Ef—E,‘—E) +h_£ |<q)f‘d+ |(I)i>’2277:5 (Ef—Ei-l-E) .
(4.171)



110 Approximation Methods

4.5 Exercises

Exercise 1

Consider the Hamiltonian 5 A
p k 2
H="—1+—- —x°.
om 20 T2

1 Find the exact energy of the n'" state of this Hamiltonian and expand it to order

A% assuming |A| < k.

2 Use perturbation theory, treating 2y2 as berturbation, and find the enerqy of n'”
[ y g3 [ gy

state to order A2.

Solution
1 Here
H_p_2 k+A 5
2m 2 ’
we define
Qz_ﬂ a)zzf azzi
m m’ m

The energy eigenvalue is given by
1 1

En=hQ <n+§> Zh\/ O)Z—I—(Xz (l’l—l—i).

we expand this in series in A, we get
E, = ho +1 +hoc2 —|~1 L ho +1 +
"o "T2) T2 \"T2) T80 \MT2) T
no(nel) s 2 (] 1 nA? FEAH
= n+ = —|nt+z)—c—=|nt+=z
2 2mm 2 8 m2m3 2

2 perturbation theory
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First-Order correction:

E,(ll) = A <n ‘H"n>,

= %<n ’x2|n> = 4;—2<n|(a+2+a2+1+2a+a)}n>,

_m
_men2'

Second-Order Corrections

/
ey loisf I
<n{H"s> = <n|(1—|—a+2+a +2a a)|s>

2ma)

= 5= <\/ (s—1)8ys2+V(s+2)(s+1) 5ns+2>

g2 A [ s(s—1)8ns—2 (S+2)<S+1)6n,s+2:|
" Am2ed |[(n+1/2)—(s+1/2) ' (n+1/2)—(s—3/2)]’

£ R )2 n 1
=————=|n+=<].
" 8m2m3 2

Exercise 2

1 Determine the approximate ground state energy to second order for the Hamil-

tonian ) .
p k 4
H=—
om 2N T

using the perturbation theory.
2 Find the ground state correct to order A

Solution

The unperturbed ground state energy is
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First-Order correction:

A Al h O\
B = /I<O\H’|O>:Z<O]x4|0>:z<%) (o(a+a*)’[o).

A/ h 31 K2

2
_ 4 2 +2 + ot _ 2
= 3 (me) <O‘(aa +aa"aa )’0>— TPk

Second-Order Corrections

2
R L L S A R (G Cana A ]
"‘E%ﬂmwﬁﬁiﬁ % ED_E®

2

A2\ ’\/4_’5n,4+6\/§5n72 201 [ ma\*
_E(Zma)> - n T 8 hw (2ma)) '
2 The wavefunction correct to order A is
1 A k|x*| 0

k£0 E(()O) — E,EO)

1/ h \4 <k‘(a+a+)4‘0>
- (o) By

4 (0
o —E

(K| (a+a")*|0) = VaI5.4 + 6125

-4 (k) [ 20]

Therefore

4 \ 2mw 2hw

Exercise 3

Utilize the variational approach to estimate the energy of the ground state of a
one-dimensional harmonic oscillator. This can be achieved by employing two trial

functions as follows:

a
o —|x
W= Ae M,
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B A
X2 +a’

where o is a positive real number and where A is the normalization constant.

Solution

a: normalization constant

(| ) / dx WP =1,
2 2 2 [T 2 A
= |A] / e dx+|A| / e " Mdx = "—
oo 0
So, A =+/a. Next, we calculate E (a) = (Y |H|¥),
The expectation value of the kinetic energy
d2
<‘P’p2"P> = —1?|A / axdx—l— Al / —2€_axdx
dx
= n’a’.
The expectation value of the potential
o[ = "2 ) / 220y O / 26205y

Using the integral [;"x"e”**dx = aff—il, we find

2

mao

¥\WVv P) = —.
@ WV )| ®) =2
E(a>_h2a2 mw?
 2m 402

The minimization of E ()

0 hza mw? (msz) /4
B O\ 2#?
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E=0.707111o.

b: normalization constant

) 32\ 1/2
@l (o)) = [ax AT —jap T s (220)
(x2+ o) 2003/ T

The ground state energy is given by

E(a) = (Y[H|Y)

T e e L ———%&
x*+adex+a X2+ (x)
1? me?
(@) 4om * 2
minimization
o ome? 0 g T
402 2 2mo
—
_ V2ho
2
Exercise 4
Consider the one-dimensional potential
2/ 4 la 3 _ A/a

V(x)=—x"+—

Rl s

Using the variational method, consider the trial wave function

o (2) o

T

Evaluate the expectation value of the energy for this wave function and find the
equation defining the optimal values of the parameter B, in order to get an esti-
mate of the ground-state energy. Now take a special, but reasonable, value of the
coupling constant, A = 26, and obtain the corresponding estimate of the ground-

state energy.
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Solution

The expectation value of the kinetic energy

(BN [ g © _pirar _ W°B
<T>——%(;) /e ek = I

The expectation value of the potential

1/2 ’
0 = ()" (3B
_A(3 5@ d
4 \4B% 4B 2 )

Thus we get

h2
4ma?

E(B) = {ﬁa2+ 1212“6 (4;[32 + 4a52/3 a %)] '

Minimizing the energy with respect to 8 = Ba”, we get the equation

B 3Ama® B 57Lma6

93
2h? 4h?

0 =0,

2

for A = %, there is a special exact solution, namely

3_ p_ 1 n*
2 - 122ma?’

Exercise 5

A ball of mass m is acted on by uniform gravity g bouncing up and down an elastic
floor. Take the floor to be the zero of the potential energy. Using WKB approxima-

tion obtain the quantized energy level of the system.

Solution

Suppose the ball is dropped from a height z=a above the floor (z=0). The potential
energy is V =mgz. We have one here, one, the floor and the other at z=a . If the

energy is E, the turning point is E/mg. The quantization condition is



116 Approximation Methods

E/mg E/mg 3
/ \/2m(E — mgzdz—/ 1——zdz—7rh(n+z).

Substituting x =1 — %8z = dz = —m%dx. The quantization condition then becomes
m
M8,
E

E/mg \/%ES/Z 1 3
/ V2m(E —mgz)dz = —/ Vxdx = 1th (rH— Z),
0

8 0

8E3\ /2
~ (o)

Omgm2h? L3 2
—_— n —
8 4

The energy levels are
1/3

E =

Exercise 6

Calculate the energy levels of an electron in s- state bound to a nucleus by the
. R 3 . . Lo .
potential V (r) = =2%. The electron may be viewed as having a rigid wall as r = a

and r =0 where a is the turning point.

Solution

Zé?

There is one turning point at r =a where E = —2-=— a= —%-. In addition, there

is a wall at r=0. The equation determining the energy is gtven by

a a Ze2 3
/ p(r)dr = \/2m/ E+—dr=7rh(n+—),
0 0 r 4
¢ la
= —2mE/ — — ldr,
o\ r

= —2mE%.
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Equating this to 77 (n—|— %) we get

mZ2%e*

Ej=—— 7.
Cw ()

Exercise 7

A system of hydrogen atoms in the ground state is contained between the plates
of a parallel-plate capacitor. A voltage pulse is applied to the capacitor so as to

produce a homogeneous electric field
E=0 forr<O,
and
t
E=Epe = for t <O.

Show that, after a long time, the fraction of atoms in the 2p (m = 0) state is, to first

order
215 a(2)e28(2)

210,/ - 1\
302 (w2+%>

what is the fraction of atoms in the 2s state?

Solution

The probability that a transition has occurred to a state |j) , with energy E; at time
: 2
tis ‘cj{ , where
E,—E

L. iot' g1 .
R . | = .
¢; ih/O(J|V(t)|k>e ar'; with 0 = =

In the present problem V (¢) is the potential of the electron in the applied electric

field, whose direction we take as the z—axis, t.e.
_t
V(t) = eEz=e€pze *.

Fot t = o, we have e
eco . = (io—1)r
. £%0 k/ @)l dt.
i = 2 lIK) [ e
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The time integral is

io—1
Therefore '
o €€ {jlzlk)
/ w4 '

The initial state is the ground state of the hydrogen atom, l.e. the quantum numbers
are n =1,/ =0,m =0 and the final state has n =2,/ = 1,,m = 0. We evaluate the

matrix element in spherical polar,

(J1218) = (2,1,002]1,0,0) = [ 731 (7)reosOyi00(7).

where y
2 efr ap
y= 2"
l»1/17070( ) \/E ag/z
1 re~"/2a0
7)) = cos 0.
WZ,I,O( ) \/4_71:61() (2a0)3/2
Thus

6
_ 1 4 —3r/2a 2 . o 41 2
<2,1,0|Z’1,0,0>—W/l’€ di"/COS GSIHGdG—m § ag.

The probability of a transition is

‘c~‘2 B 215 a(z)ezﬁ(z)
JI =310 :
3052 (w2+#>

The probability ofa transition to the state n =2,/ =0,m =0 is zero. The wave
functions y1 00 and y» 9o have positive parities, whereas the parity of the function
z is negative. Consequently, the product’s parity is negative as well, leading to a

zero matrix element when integrated over all of space.



Bibliography

[1] N. Zettili Phy, Quantum Mechanics Concepts and Applications, John Wiley &
Sons, Ltd. 2009

[2] A. Messiah, Quantum Mechanics, John Wiley & Sons, New York, 1961, Vol. 1
[3] A. Messiah, Quantum Mechanics, John Wiley & Sons, New York, 1961, Vol. 2

[4] L. E. Ballentine, Quantum Mechanics, A Modern Development, World Scientific,

Singapore, 1998

[5] C. Cohen-Tannoudji, B. Diu, and Franck Laloé,Quantum Mechanics, Wiley, New
York, 197

[6] D. J. Griffiths, Introduction to Electrodynamics, 3rd ed. Prentice Hall, Upper
Saddle River, NJ, 1999

[7] J. ). Sakurai and J. Napolitano, Modern Quantum Mechanics, Addison-Wesley
Boston, MA, 2011

[8] H. A. Bethe and E. E. Salpeter, Quantum Mechanics of One and Two-Electron

Atoms, Springer-Verlag, Berlin, 1957
[9] R. Loudon, The Quantum Theory of Light, Oxford University Press, Oxford, 2000

[10] D. R. Bes, Quantum Mechanics A Modern and Concise Introductory Course,
Springer-Verlag, Berlin, 2007

[11] J. F. Cornwell, Group Theory in Physics. Academic Press, 1984

[12] W. Greiner, Quantum Mechanics. An Introduction, Springer-Verlag, 1989



120 BIBLIOGRAPHY

[13] Y. Tanabe and Y. Onodera, Group Theory and its Applications in Physics,
Springer-Verlag, Berlin, 1996

[14] L. Landau and E. Lifchitz, Mécanique quantique, Editions MIR, Moscow 1996

[15] I. S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series, and Products,
Academic Press 2014



	Angular Momentum and Spin
	Definition
	General Theory
	The eigenstates and eigenvalues of 2 and z
	The matrix element of the angular momentum

	Orbital Angular Momentum
	Orbital angular momentum operators in spherical coordinates
	The eigenfunctions of z and 2
	Some important properties of spherical harmonics

	Spin
	Stern - Gerlach Experiment
	Spin theory
	Spin 1/2
	Properties of the Pauli matrices:

	Exercises

	Addition of angular momenta
	Addition of two angular momenta
	Total angular momentum operator
	Eigenvalues of z
	Eigenvalues of 2
	Addition of the spin angular momentum of two electrons with S=1/2

	 Clebsch–Gordan Coefficients (CG-C)
	 3J Symbols
	Addition of three angular momenta
	Total angular momentum operator

	6J symbol
	Wigner-Eckart Theorem
	Exercises

	Central Potentials
	General Treatment
	Normalization conditions
	Free Particle
	Radial equation
	Plane waves and spherical waves

	3-dimensional Square Well Potential
	Harmonic Oscillator
	Anisotropic three-dimensional harmonic oscillator
	Isotropic three-dimensional harmonic oscillator

	Coulomb Potential
	The Hydrogen Atom
	Exercises

	Approximation Methods
	Time-independent Perturbation Theory
	Statement of the problem
	The Method
	Non-degenerate case
	Degenerate case
	Example: Spin-Orbit Coupling

	 Variational Method
	A property of the ground state energy of the system
	Ritz's Theorem
	Variational Technique
	Example: Helium Atom

	WKB method
	General formalism
	Criterion for the validity of the approximation
	Bound State
	Example

	Time-dependent Perturbation Theory
	General theory
	Special cases

	Exercises




